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Acoustics flame coupling Entropy-Acoustics coupling
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Acoustic BC downstream

Why changing an injector position could make a flame unstable?

Can entropy couple with the flame through acoustic waves?

How to study combustion instabilities?
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Experiments High fidelity CFD Network models
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How to study combustion instabilities?
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All together may be the best solution !
For example ...

Helicopter Engine

Network Models Flame dynamics from

\ experiments or CFD

N

3D Acoustic Solvers
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Full System Understand the

System

What we want to study?

v Thermoacoustics

Of longitudingal, transversal, azimuthal or radial acoustic waves?



fﬁ%ﬁmym’

Full System Understand the

System

What we want to study?

v’ Thermoacoustics
v Of longitudinal plane acoustic waves

Of short or long wavelengths?



Full System

What we want to study?

v’ Thermoacoustics
v Of longitudinal plane acoustic waves

v Of long wavelengths
Main Assumption

Acoustic compactness in most elements
of the thermoacoustic system

Understand the
System
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Full Thermoacoustic
System

Understand the
System

Thermoacoustic Network i: I_’i SANNS Decompose the
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System
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models System
{ >0 > B> > o> \
) € < b€ € 3
Acoustic . Ducts
tWO-port —>® O—> \é\?h'ti EOX Compact Flames
element ~—¢ P Gray Box Joints
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THERMODYNA

Full Thermoacoustic
System

Understand the
System

»

Thermoacoustic Network

Decompose the

models System
[ >4 by >4 by > b> |
< < e < <
Acoustic - pucts
] . b White Box Compact Flames
two-port White Box Black Box Nozzles
element —9 P— Gray Box Joints
rgYmy ‘4 0 0
WHITE BOX o7 (pA) + = (pud) = 0
o 9 0 ap Quasi 1D
Qpu p s o (pud) + o (puA) = A=~ Conservation
ot Ox ox :
1 % (psd) + 32 (pusA) = %q Equations
Model Acoustic o ) Op
and entropy waves A (Phed) + 27 (puhed) = Ag — AZy
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Full Thermoacoustic
System Understand the
System
Thermoacoustic Network "> ;_*i Slps Decompose the
models \ System
»>6 > >4 b> > >
<o € < b € A3
Acoustic - Ducts
t t — 5o O—> White Box Compact Flames
WO-POr White Box Black Box Nozzles
element —9 P— Gray Box Joints
T L 7 0 0
WHITE BOX 57 (PA) + - (pud) =
VA AN ) o, 5. ,0p Quasi 1D
Qpup s 5 (Pud) + o= (pu”A) = A= Conservation
0 9, A Equations
A \ ot (psA) + I (pusA) = 74 .
Model Acoustic B, 0 . Op
and entropy waves 57 (Phed) + =— (puhed) = Ag — A
[ 1 —Ri, 0 0] [fo] 0] Gather all elements in a single
CONNEXIONS 0 0 —Rouw 1] |g0| _ 10 matrix and compute acoustic
Ty T -1 0] |fs 0 response of the ensemble.
_T21 Too 0 —1_ g3 _0_
M

Note that under a suitable treatment, tens of elements can reduce to a 4 x 4 matrix !
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Full Thermoacoustic
System

Understand the
System

THERMODYNA’

Thermoacoustic Network 0 ;_*i Sl Decompose the
models { \ System
»>6 > >4 b> > >
<o € < b € A3
Acoustic - bucts
t t — 5o O—> White Box Compact Flames
WO-por White Box Black Box Nozzles
element — P— Gray Box Joints
WHITE BOX o i
1 BO 57 (PA) + - (pud) =
NV ANV A O, o0 Op Quasi 1D
Qpup s g (Pud) + o (pu*A) = —AZ- Conservation
0 s, A Equations
A ot (psA) + I (pusA) = 74 .
Model Acoustic o ) Op
and entropy waves A (Phed) + o (puhid) = Ag — A
I —Rp 0 07 [fo] [0 Gather all elements in a single
CONNEXIONS 0 0 Row 1 go| _ |0 matrix and compute acoustic
Ty Tio -1 0] |/fs 0 response of the ensemble.
_T21 152 0 —1 | 93 _0
M
Freq.
R y
STABILITY ANALYSIS. o] | " Study stability of the system
Neg. : Pos.
< >

Growth rate
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WHITE BOX
Q/ p/ U/ p/ S,
\

Model Acoustic
and entropy waves

S (pA) + 2 (pud) =0
% (puA) + (% (puA) = —A%
% (psA) + a% (pusA) = %q
% (pheA) + % (puhyA) = Ag — A%

f — B+e—iwx/5(1+./\/l) _ % <_£_ + a)

g= B—eiwm/é(l—./\/l) — % (ﬁ . a)

Quasi 1D Conservation Equations

Spatial integration and the compact
assumption

Linearization

Further Assumptions

Definition of waves
|sentropic ducts
Boundary conditions

Modeling of Flame dynamics

1 =R 0 01 [fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
T Tho -1 01 |/s 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
? 9(:,"%6 .
STABILITY ANALYSIS. - g Y%, Study stability of the system
Neg. i 5 Pos.
< —1 >
Growth rate
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WHITE BOX
Q/ p/ U/ p/ S,
\

Model Acoustic
and entropy waves

S (pA) + 2 (pud) =0
% (puA) + (%} (puA) = —A%
% (psA) + a% (pusA) = %q
% (pheA) + % (puhyA) = Ag — AL

f — B+e—iwx/5(1+./\/l) _ % <_£_ + a)

g= B—eiwm/é(l—./\/l) — % (2 o a)

Quasi 1D Conservation Equations

Spatial integration and the compact
assumption

Linearization

Further Assumptions

Definition of waves
|sentropic ducts

Boundary conditions

= T _ YP1 15
Q:puAcT<T—1)—uA (T—1> . .
AT To-D\n Modeling of Flame dynamics
1 —-Ryn O 01 |/fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
Ty Tho —1 01 ]/ 0 response of the ensemble.
|11 T2 0 —1| [93] 0]
M
Freq.
| ? 00”%
S, 76, il
STABILITY ANALYSIS. o] Study stability of the system
Neg. i 5 Pos.
< — 1 >
Growth rate
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Quasi 1D Conservation Equations ¢

From full Navier-Stokes equations
Assumptions

® No viscous terms
® Quasi-1D

o (pA) + == (pud) =0

15
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Quasi 1D Conservation Equations ¢

From full Navier-Stokes equations
Assumptions

® No viscous terms

® Quasi-1D

o, 0
Mass _ A A) =

5; (PA) + o (pud) =0

0 0 > 40P
romen a7 (Pud) + 5, (pu*d) = —Ag
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Quasi 1D Conservation Equations

From full Navier-Stokes equations
Assumptions

® No viscous terms

® Quasi-1D

0 0

Mass — (pA — A) =
5; (PA) + o (pud) =0
0 0 ) Op

Momentum — — —

t 5 (puA) + 5 (pu A) A@x

9, 0 A .

57 (p34) + o (pusA) = T

?ﬁ}?ﬁMODYNA@
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Quasi 1D Conservation Equations

From full Navier-Stokes equations
Assumptions

® No viscous terms

® Quasi-1D
0 0
Mass — (pA _ A) =
5; (PA) + o (pud) =0
) ) p
Momentum — A __ 2 _
| or (PuA) + g (i d) = =45,
0 0, A
Entropy % (pSA) —+ % (pUSA) — ?q
0 0 . Op
Total Enthal i _ — _ -

?ﬁ}?ﬁMODYNA@
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Quasi 1D Conservation Equations ¢

From full Navier-Stokes equations
Assumptions

® No viscous terms
® Quasi-1D

0 ., 0p
(phtA) + 7 (puhiA) = Ag — 57

Total Enthalpy

o
ot
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Quasi 1D Conservation Equations .

Assumptions

0 0 . Op ® No viscous terms
Total Enthalpy o7 (phiA) + o= (pulhy A) = Ag — A— ® Quasi-1D

20



Total Enthalpy

Mass

Momentum

Entropy
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Quasi 1D Conservation Equations ¢

Assumptions

0 o, o ® No viscous terms
Py (pht A) + Fy (puhiA) = Aq — A;)—ZZ ® Quasi-1D
1Dp 10
oDt - Agx Y
9 o, ap
uA) + — (pu“A) = —A
(pud) + 5 (pu®A) o
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Total Enthalpy

Mass >

Momentum

Entropy
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Quasi 1D Conservation Equations ¢

Assumptions

‘ ‘ : ® No viscous terms
& (phed) + o (puhyA) = Ag — AL ® QuasiiD
1Dp 10
p Dt = Ags Y
0, 0, op
— (puA) + — (puA) = —A
Ot (pud) + Ox (pu ) Ox
9, 0, A
D (psA) - 2 (pusd) = =
© (03A4) + — (pusd) = T
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Total Enthalpy

Mass

Momentum

Entropy
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Quasi 1D Conservation Equations ¢

Assumptions

0 0 . O ® No viscous terms
o1 (pheA) + A (puhyA) = Aq — Aa—lz ® Quasi-1D

1 Dp 1 0

- = A

s Dt Adz (ud)

Du  0Op
Dt ~ oz

Ds

T— =
% Dt q

23
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Quasi 1D Conservation Equations .

Assumptions

0 0 . Op ® No viscous terms
Total Enthalpy o7 (phiA) + o= (pulhy A) = Ag — A— ® Quasi-1D
Momentum pDu — _@

Dt ox

24



Total Enthalpy

Momentum
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Quasi 1D Conservation Equations .

Assumptions

0 o, Op ® No viscous terms
o1 (phtA) + A (puhtA) = Aq — AE ® Quasi-1D

Du  Jp

Dt  Ox

25
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Quasi 1D Conservation Equations .

Assumptions

0 0 . Op ® No viscous terms
Total Enthalpy o7 (phiA) + o= (pulhy A) = Ag — A— ® Quasi-1D
Du op
Momentum Ft — —%
1 Dp 1 0
Mass — = —— — (uA
p Dt A Ox (ud)
Ds ,
Entropy ,OTE =

20



_ ] _ ?ﬁ}?ﬁMODYNA@
Quasi 1D Conservation Equations ¢

Assumptions

0 0 . Op ® No viscous terms
Total Enthalpy o7 (phiA) + o= (pulhy A) = Ag — A— ® Quasi-1D
Du op
Momentum PE — T,
1 Dp 1 0
Mass — = —— — (uA
p Dt A Ox (ud)
Ds 1Ds 1Dp 1D
Entropy pl'— =q et (et
Dt c, Dt ~vp Dt p Dt

2nd law thermodynamics
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Quasi 1D Conservation Equations

Assumptions

0 0 . Op ® No viscous terms
Total Enthalpy o7 (phiA) + o= (pulhy A) = Ag — A— ® Quasi-1D
Du  Jp
Momentum PE = T 9

Mass —— =

TDS s 1 Dp /1 Dp
=ntropy P Dt | 1 c, ~yp Dt \p Dt

2nd law thermodynamics
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Quasi 1D Conservation Equations .

Assumptions

0 0 . Op ® No viscous terms
Total Enthalpy o7 (phiA) + o= (pulhy A) = Ag — A— ® Quasi-1D
Du op

Momentum PE — T,
Entropy AD 9 B

p (v—1).

—— 4+ — (ud) = A

Mass oDt oz (uA) - g

2nd law therm.
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Total Enthalpy

Momentum

Entropy
Mass

2nd law therm.

_ ] _ ?ﬁ}?ﬁMODYNA@
Quasi 1D Conservation Equations .

Assumptions

0 o, Op ® No viscous terms
o1 (phtA) + A (puhtA) = Aq — AE ® Quasi-1D
Du  Jp
Dt ~ oz
AD 0 —1
ADp 0 = 0=y
vp Dt~ Ox D

Not convenient ... we have to reorganize somehow
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Quasi 1D Conservation Equations .

Assumptions

0 0 . Op ® No viscous terms

Total Enthalpy o7 (phiA) + o= (pulhy A) = Ag — A— ® Quasi-1D
Du op
Momentum PE — T,
Entropy AD 9 1
Mass it (uA) = 4 )qA
vp Dt~ Ox D

2nd law therm.

A0 Au 0 0 —1

Py p+—(ul4)=(fy )44
vyp Ot  yp 0xr O P
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Total Enthalpy

Momentum

Entropy
Mass

2nd law therm.
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Quasi 1D Conservation Equations .

Assumptions

0 o, Op ® No viscous terms
o1 (phtA) + A (puhtA) = Aq — AE ® Quasi-1D

Du  Jp

Dt  Ox

dln(p'/7) 0 (v—-1).
1/ s 1/~ _
Ap ot + ox (p UA)

32
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THERMODYNAMI A

WHITE BOX
Q/ p/ U/ p/ S,
\

Model Acoustic
and entropy waves

0 0
— (pA) + — A) =
57 (PA) + o (pud) =0
0 0 2 0\ op
5 (puA) + 92 (pu”A) = A@x
0 0 A
EY (psA) + I (pusA) 74
0 0 ) Op
BN (phtA) + o (puhiA) = Aq — Aﬁ
f= B+e—iwx/5(1+./\/l) _ 1 <£ + a)
2 \ pe
g= B—eiwm/é(l—./\/l) — 1 (2 . a)
2 \ pc

v Quasi 1D Conservation Equations

Spatial integration and the compact

assumption
Linearization

Further Assumptions

Definition of waves
|sentropic ducts
Boundary conditions

Modeling of Flame dynamics

1 =R 0 01 |fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
T Tho -1 01 |/s 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
? '9(:)'9"'96 .
STABILITY ANALYSIS. - g Y%, Study stability of the system
Neg. i 5 Pos.
< —1 >
Growth rate
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Spatial integration and the compact assumption THERMODYNA@

Assumptions

0 s, . Op ® No viscous terms
Total Enthalpy 57 (Pld) + o (puhiA) = Aq — A— ® Quasi-1D

2 a o a o o ap
= (phs A h - i dr — il
/w By (phtA) dx +/ pys (puhtA) dx [El Aqg dx /w A@t dx

1 L1 1
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Spatial integration and the compact assumption THERMODYNA@

Assumptions

0 s, . Op ® No viscous terms
Total Enthalpy 57 (Pld) + o (puhiA) = Aq — A— ® Quasi-1D

"2 9 20 e w2 Op
/w a(phtA) d:c—|—/ %(puhtA) da:—/ Aq dx—Ll Aa dx

1 T T

Compact element if (r1 —x2) = Ax < A
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Spatial integration and the compact assumption THERMODYNA@

Assumptions

0 s, . Op ® No viscous terms
Total Enthalpy 57 (Pld) + o (puhiA) = Aq — A— ® Quasi-1D

"2 9 20 e w2 Op
/w a(phtA) d:c—|—/ %(puhtA) da:—/ Aq d:z:—/aC Aa dx

1 L1 L1 1

Compact element if (r1 —x2) = Ax < A

Compact assumption means to neglect those integral terms for which

lts inside quantity is bounded
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Spatial integration and the compact assumption THERMODYNA@

Assumptions

o o ' Ap ® No viscous terms
Total Enthalpy 57 (Pld) + o (puhiA) = Aq — A— ® Quasi-1D
0 0
/ %ﬁl) dx + / g (puhiA) dx = / Aq dx — / Aat dx
1] T L 1 T1
Compact element if (r1 —x2) = Ax < A

Compact assumption means to neglect those integral terms for which

lts inside quantity is bounded
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Spatial integration and the compact assumption THERMODYNA@

Assumptions

0 9, Op ® No viscous terms
Total Enthalpy 57 (Pld) + o (puhiA) = Aq — A— ® Quasi-1D
0
" o 9
/Mt dx+ (,OUhtA) dx :/ Aq dx—/ A t dx
LO’U,htA] 2 = .
where Q:/ QQAdQ;
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Spatial integration and the compact assumption THERMODYNA@

Assumptions

® No viscous terms

Total Enthalpy puhs A2 = Q ® Quasi-1D
— — ® Compactness
Entropy O 1n( 1/7) O —1
1/~ D v 1/ L (7 ) . 1/
Mass Ap ot i Ox (p WUA) o q4p™

2nd law therm.
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Spatial integration and the compact assumption THERMODYNA@

Assumptions

® No viscous terms

Total Enthalpy puhi A% = Q : Quasi-1D
— — Compactness

Entropy O 1n( 1/7) O —1
1/ p 9 (1 (r=1).

2nd law therm.
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Spatial integration and the compact assumption THERMODYNA@

Assumptions

® No viscous terms

Total Enthalpy puhs A2 = Q ® Quasi-1D
— — ® Compactness
Entropy O 1n( 1/7) O —1
1/~ D v 1/ L (7 ) . 1/
Mass Ap ot i Ox (p WUA) o q4p™

2nd law therm.

0
w2 819,//7 "2 9 "2 (y —
/ Apl/’)// 811 ) d:z:—l—/ v (pl/'yuA) dr :/ (7—1) -Apl/'y dr

Ox P

{pl/fyuA:| 2 _ / (’7 - 1)qu1/fy dr
L1 1 /yp

41



Spatial integration and the compact assumption THERMODYNA@

Total Enthalpy puh AL = Q

Entropy 2o Lo 1

Mass {pl/vuA} = / 9 )QAp1/7 dx
T1 T P

2nd law therm.

Assumptions

® No viscous terms
® Quasi-1D
® Compactness

42
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THERMODYNAMI

£

WHITE BOX
Q/ p/ U/ p/ S,
\

Model Acoustic
and entropy waves

S (pA) + 2 (pud) =0
% (puA) + (% (puA) = —A%
% (psA) + a% (pusA) = %q
% (pheA) + % (puhyA) = Ag — A%

f — B+e—iwx/5(1+./\/l) _ % <_£_ + a)

g= B—eiwm/é(l—./\/l) — % (ﬁ . a)

v Quasi 1D Conservation Equations

v Spatial integration and the compact
assumption

Linearization

Further Assumptions

Definition of waves
|sentropic ducts
Boundary conditions

Modeling of Flame dynamics

1 =R 0 01 [fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
T Tho -1 01 |/s 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
? 9(:,"%6 .
STABILITY ANALYSIS. - g Y%, Study stability of the system
Neg. i 5 Pos.
< —1 >
Growth rate
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Linearization of Equations

44



Linearization of Equations THERMODYNA%

Assumptions

® No viscous terms

Total Enthalpy [puhy A]if =Q : (guasi#[i
ompaciness

® Linear acoustics
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Total Enthalpy

Linearization of Equations

[PUhtA]ii = Q

/ / /

P1 |, U1 | Ly — Ly
- _

. XT -
m ;\xi:Q’ or |

o1 ur Ty —Ty

?ﬁ}?ﬁMODYNA@

Assumptions

® No viscous terms
® Quasi-1D

® Compactness
® Linear acoustics

<
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Linearization of Equations THERMODYNA@

Assumptions

® No viscous terms
Total Enthalpy [puh Al = Q) ® Quasi-1D

i ® Compactness
® Linear acoustics
/ / / / N/
sz _ Q/ or P1 | Uy 2 7 QT
o p1 w1 T —Tn Q
A\ B / p/ s/ Q/
— DMoy==2 + (v -1 _2—|——2>=—+
(Ax1 — x2) ((7 ) 2 Y )W?z Cp @
B / / 8/ / u/ S
((7—1)M1—1+(7—1) = +—1> - AL
(Ax1 — x2) 1 Yp1  ¢p)  YP1 U1 G

where
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Linearization of Equations

Total Enthalpy

A L Y Sé) Q'
vy=1)Mog—=4+(y—-1)—=+ =) = =+
(Ax1 — x2) <( ) 2 ( )vpa Cp @
B / / S/ / u/ S
R T R e e
(>\Xl — Xz) 1 YP1 Cp YP1 Uy Cp
Entropy T
5] 2 — 1
Mass [pl/'YuA} — / (’nyp )qul/'Y dx

2nd law therm.

?ﬁi—ﬁ."f?uMODYNA@

Assumptions

® No viscous terms
® Quasi-1D

® Compactness
® Linear acoustics

48



Total Enthalpy

Linearization of Equations

A\ B / p/ S/ Q'/
Mo=2 4 (y— 1) 22 o —2> = <4
(Ax1 — x2) <( D Co * )vpa Cp @
/ / / / /
- P1 S1 P1 (051 S1
DA 8 4 (-1 +_)_ (I
(>\Xl —Xz) <( ) C1 ( )7]01 Cp YP1 (5] Cp
Entropy x
2 2 — 1
Mass [pl/’yuA} = / (fy,yp ) QApl/’Y dx

2nd law therm.

?ﬁ}?ﬁMODYNA@

Assumptions

® No viscous terms
® Quasi-1D

® Compactness
® Linear acoustics

A lot of mathematical treats implemented so that after linearizing we get ...

AQW_B (M262p/2
N
where
T = Da2/P1

(+1)

)+5Q(
(pfﬁ—<ﬁ+n zn)]

(1 —7")
2B

)

49



Linearization of Equations THERMODYN%

Assumptions

® No viscous terms
® Quasi-1D

® Compactness
® Linear acoustics

/ )/
( ) ) _Q
— — = —+
Total Enthalpy (Ax1 = x2) 2 P2 Cp @
- A1 oul s
(- s-pl o) 2t
(Ax1 — x2) 1 YP1 /) P U1 G
— —
A A ! A = B
Entropy Ay (./\/12(32172 —|—132u’2) _ A, (Mlclpl n 1u1> L B0 ( (1 T ))
g g 2mh
Mass 3 . X
_ " (B4+1) _
2nd law therm. o Q {1 + (0t 1) (pzﬂ P1ﬂ
— —*
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OUTLINE

Lehrstuhl fiir

WHITE BOX
Q/ p/ U/ p/ S,
\

Model Acoustic
and entropy waves

S (pA) + 2 (pud) =0
% (puA) + (%} (puA) = —A%
% (psA) + a% (pusA) = %q
% (pheA) + % (puhyA) = Ag — AL

f — B+e—iwx/5(1+./\/l) _ % <_£_ + a)

g= B—eiwm/é(l—./\/l) — % (2 . a)

v Quasi 1D Conservation Equations

v Spatial integration and the compact
assumption
v

Linearization

Further Assumptions

Definition of waves
|sentropic ducts
Boundary conditions

Modeling of Flame dynamics

1 =R 0 01 [fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
T Tho -1 01 |/s 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
? '9(:"9’66 .
STABILITY ANALYSIS. - g Y%, Study stability of the system
Neg. i 5 Pos.
< —1 >
Growth rate
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Assumptions

® Noviscousterms ® Quasi-1D @ Compactness @ Linear acoustics

Total Enthal (>\Xl)\— X2) <( LM: _;2 tr- 1)7}?;2 " Z) - %
> — S Py uy s
(Ax1 — x2) <( )M_i (W_1)$;1+C;>_ﬁ_u_1+c_p
E/lr:;zpy AP (M?pé —I—pzu'2) = A (Mljlpll +p1u’1> + B8Q (1 + (12;2/5))
2nd law therm. B 6—26_2 [ (a Jlr . (p/ﬂ_wﬂ) _p/l)]
Further assumptions ® Isentropic flow

Total Enthalpy

Entropy
Mass
2nd law therm.
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Assumptions _

® Noviscousterms ® Quasi-1D @ Compactness @ Linear acoustics

A _ u- S )/
e (-2 - P )
Total Enthalpy X1 7 X2 €2 TP2 - Cp
/ / /
(-vmB -l ) A _h o
(Ax1 — x2) C1 YP1  Cp YP1 U1 Gy
Entropy - -
g Macapy Mqép, 1 — B
MaSS AQ’/T B( 2;2192 +p2ul2) :A1< 1§1p1 _|_ 1U1> —I_/BQ ( ( 27-‘-2- )>
2nd law therm. 52 _ 1
_ r o= (B+1) _
Further assumptions ® Isentropic flow
1 Y p/ s’ 1 o p/ s/
- /\/l_—1+_1+1)= _(M_2+_2+2>
Total Enthalpy 14 VT—lM% ( ‘e Cp 1+ vT—lM% °Cy | Pa Cp
Entropy -, .,
Mass Ay (Plui + My c_i) = A (ﬂﬂbé + MQC—z)

2nd law therm.
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Assumptions

® Noviscousterms ® Quasi-1iD ® Compactness @ Linear acoustics

A — U s sS4 Q’
e (-2 - P )
Total Enthalpy X1 7 X2 €2 P2 Cp
/ / /
- U P S p u S1
(G-l pople ) At
(Ax1 — x2) C1 YP1 o Cp YP1 o UL G
Entropy - -
_g [ Macapy, Micepy g 1 — 7P
(5 ) () 5
2nd law therm. ﬁ2 _ 1
_ 7 r o= (B+1) _
Further assumptions ® Isentropic flow
1 / / A A7\ 1 / / A A7\

C. F. Silva, |. Duran, F. Nicoud and S. Moreau. Boundary conditions for the computation of
thermoacoustic modes in combustion chambers. AIAA Journal, 52(6): 1180-1193, 2014.

I\ I/ N c277
2nd law therm.
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Assumptions

® Noviscousterms ® Quasi-1D @ Compactness @ Linear acoustics

A ~u- S )’
s (DM -2 2)
Total Enthalpy (Ax1 — x2) C2 P2 Cp Q
/ / /
» P S1 D1 Uy 51
(v — )M—l + (v —1 + >————-|-—
(Ax1 — x2) ( C1 )”Ypl Cp P11 U1 Cp
Entropy - -
M / ! 1 — 7P
Mass Agn? (P28 gt ) =y (H g ) 4 5 (14 B
2nd law therm. 2 _ 1
_ B_Q { (a 1 (p/ﬂ—(ﬂﬂ) _pfl)]
(Non—lsentropic flow)
Further assumptions ® Isobaric combustion @® Low Mach number

Total Enthalpy

Entropy
Mass
2nd law therm.
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Assumptions

® Noviscousterms ® Quasi-1D @ Compactness @ Linear acoustics

A _ u- S )/
e (-2 - P )
Total Enthalpy X1 7 X2 C2 TP2 - Cp
/ / /
_ S u S1
(( )/\/1—1 (7—1)pl—|— 1>_p_1__1_|__
(Ax1 — x2) C1 YP1  Cp YP1 U1 Cp
Entropy - -
_ g [(Maiapy Meip, 1 —mP
Mass Agm 5( 272 : +p2u2) :A1< 171 -+ 1“1) +8Q ( ( 27 )>
2nd law therm. 52 _ 1
_ = r o= (B+1) _
(Non—lsentropic flow)
Further assumptions ® Isobaric combustion @® Low Mach number
Total Enthalpy Py = P}
Entropy
/ / (7_ 1) N/
Aosus — Ajuy =
Mass 2Uy — A1y - @

2nd law therm.
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OUTLINE

Lehrstuhl fiir

THERMODYNAMI

£

WHITE BOX
Q/ p/ U/ p/ S,
\

Model Acoustic
and entropy waves

S (pA) + 2 (pud) =0
% (puA) + (% (puA) = —A%
% (psA) + a% (pusA) = %q
% (pheA) + % (puhyA) = Ag — A%

f — B+e—iwx/5(1+./\/l) _ % <_£_ + a)

g= B—eiwm/é(l—./\/l) — % (ﬁ . a)

v Quasi 1D Conservation Equations

v Spatial integration and the compact

assumption

Linearization

v Further Assumptions

Definition of waves
|sentropic ducts
Boundary conditions

Modeling of Flame dynamics

1 =R 0 01 [fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
T Tho -1 01 |/s 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
? 9(:,"%6 .
STABILITY ANALYSIS. - g Y%, Study stability of the system
Neg. i 5 Pos.
< —1 >
Growth rate
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Definition of acoustic waves |

2,/ 2,/
1D Convective acoustic D7p _ & O°p —
Wave equation D2 o2

Solution is the sum of two functions f and 4
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Definition of acoustic waves |

2,/ 2,/
1D Convective acoustic D7p _ & O°p —
Wave equation D2 o2

Solution is the sum of two functions f and 4

f and g are recognized as Riemann invariants
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Definition of acoustic waves 4

2./ 2./
1D Convective acoustic D7p _ & O°p —
Wave equation D2 o2
Solution is the sum of two functions f and 9

f and g are recognized as Riemann invariants

Knowing that harmonic oscillations are defined as

A A

() = ()™’ and () = Be'?
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Definition of acoustic waves |

2,/ 2,/
1D Convective acoustic D7p _ & O°p —
Wave equation D2 o2

Solution is the sum of two functions f and 9
f and g are recognized as Riemann invariants

Knowing that harmonic oscillations are defined as

A A

() = ()e’“* and () = Be'
f and g can be defined as

f _ B—l-e—iwaz/é(l—I—./\/l) _ 1 (ﬁ + a)
2 \ pcC

and

g = B—eiwaz/é(l—/\/l) _ 1 (
2
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Definition of acoustic waves

2,/ 2.
1D Convective acoustic D7p" 2 0°p
Wave equation 112 12

=0

Solution is the sum of two functions f and 9
f and g are recognized as Riemann invariants

Knowing that harmonic oscillations are defined as

A A

() = ()™’ and () = Be'?

f and g can be defined as

1 ~ Downstream Travelling wave
f — B—i_@_iwx/é(l—l_M) = — (£ —|— f[,) é
2 \ pcC

and .
Upstream Travelling wave

g p— B_eiwaz/é(l—M) — % ( — ’&) _
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THERMODYNAMI

OUTLINE

) ) . . .
WHITE BOX 9 () + 2 (pud) =0 V. Quasi 1D Conservation Equations
: s, 0 0 Spatial integration and the compact
VA A 9 O oy 40P v oba g P
Qpup s ot (pud) + ox (pu”4) A assumption
0 0 A
A \ p (PsA) + o (pusd) = 74 v Linearization
- O (ohya) + 2 A) = ag— A2 v
Model Acoustic 5 (PheA) + —= (puhi A) = Ag — A— Further Assumptions

and entropy waves

o —iwz/c(1+M) __ 1 2 0 v
=Bt =3 <,5(‘: +“> V' Definition of waves
— wwzx/c(l— 1 D - =
g=BTewr /M = (% - U) Isentropic ducts
_ — . Boundary conditions
Q = pl’LLlAleTl <7—"2 — 1) = ﬂlAl P (2 — 1) . .
! (v=1)\h Modeling of Flame dynamics
I =Ryn 0 01 [fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
Ty Ths —1 01 ]/ 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
=y 9(:,"%6 .
STABILITY ANALYSIS. o i T Study stability of the system
N(ﬁ. Pos.
- >
Growth rate
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Isentropic ducts

1 ~ Downstream Travelling wave
f p— B—'_e_iwx/é(l—i_‘/\/l) _ — <£ —|— f&) é
2 \ pcC

and

g = B—eiwx/é(l—/\/l) _ 1 (
2

Upstream Travelling wave

|

B™1 = constant
L1 B~ = constant L2

Therefore fy = fle—iw($2—$1)/5(1+M)

gy = gleiw(azg—:vl)/é(l—./\/l)
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OUTLINE

) ) . . .
WHITE BOX 9 () + 2 (pud) =0 V. Quasi 1D Conservation Equations
: s, 0 0 Spatial integration and the compact
VA A 9 O oy 40P v oba g P
Qpup s ot (pud) + ox (pu”4) A assumption
0 0 A
A \ p (PsA) + o (pusd) = 74 v Linearization
- O (ohya) + 2 A) = ag— A2 v
Model Acoustic 5 (PheA) + —= (puhi A) = Ag — A— Further Assumptions

and entropy waves

o —iwz/c(1+M) __ 1 2 0 v
=Bt =3 <,5(‘: +“> V' Definition of waves
— wwz/c(l— 1 D ~ .
g=BTewr /M = (% - U) V' Isentropic ducts
i} . ~ Boundary conditions
Q = pl’LLlAleTl <7—"2 — 1) = ﬂlAl TP (2 — 1) . .
! (v=1)\h Modeling of Flame dynamics
I =Ryn 0 01 [fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
Ty Ths —1 01 ]/ 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
B 9(:,"%6 .
STABILITY ANALYSIS. o i T Study stability of the system
N(ﬁ. Pos.
- >
Growth rate
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Boundary Conditions

Acoustic flux through a boundary is given by

/ /
/' hy = <p—2a + ﬁu’) (au’ + Ii)
C p
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Boundary Conditions _

Acoustic flux through a boundary is given by

/ /
/' hy = <p—2a + ﬁu’) (au’ + Ii)
C p

If acoustic energy it is not dissipated through the boundaries then

b = 0
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Boundary Conditions .

Acoustic flux through a boundary is given by

/ /
i/ hy = <p—2a + ﬁu’) (au’ + Ii)
C p

If acoustic energy it is not dissipated through the boundaries then

AN
mh, =
_) f Open inlet h; =0 Closed inlet /=0
Inlet : _ _ _ _
€= 7 fA+M)+g(l-M)=0 f(14+M) = g(1 = M)=0
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Boundary Conditions

Acoustic flux through a boundary is given by

/ /
/' hy = <p—2a + ﬁu’) (ﬂu' + 11)
C p

If acoustic energy is not dissipated through the boundaries then

- /1 /
m h, =
_) Open inlet/outlet h; =0
Inlet : - -
e fA+M)+g(1-M)=0
| : Closed inlet/outlet ' = 0
: f P B B
Outlet — ¢ ( ) — 9( )
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Boundary Conditions

Acoustic flux through a boundary is given by

/ /
/' hy = <p—2a + ﬁu’) (au’ + Ii)
C p

If acoustic energy it is not dissipated through the boundaries then
AN
m h, =0

If acoustic energy it is no acoustic energy enters the system then

Close end
= f Y
Inlet . — o (1 M)
« g Rln g Rln — (1—'—/\;1)
3 / g B (1 -|—./\;l)

THERMODYNANIKIRY

Open end

o -Mm

Hin = (1+M)
1+ M)

Rout— ( —./\;l)
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Lehrstuhl fiir j =

THERMODYNAMI

WHITE BOX
Q/ p/ U/ p/ S,
\

Model Acoustic
and entropy waves

S (pA) + 2 (pud) =0
% (puA) + (% (puA) = —A%
% (psA) + a% (pusA) = %q
% (pheA) + % (puhyA) = Ag — A%

f — B+e—iwx/5(1+./\/l) _ % <_£_ + a)

v Quasi 1D Conservation Equations

v Spatial integration and the compact
assumption
v

Linearization

v Further Assumptions

\/ Definition of waves

— wwz/c(l— 1 ) ~ H
g=BTewr /M = (% —U) V' Isentropic ducts
. 7 o (T v Boundary conditions
Q = pl’LLlAleTl < = — 1) = ’U,lAl (T - 1) . .
! (=D \T Modeling of Flame dynamics
I =Ryn 0 01 [fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
Ty Ths —1 01 ]/ 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
v 9(:,"%6 .
STABILITY ANALYSIS. - \9/6,’/9 StUdy stability of the system
Neg. i 5 Pos.
< —1 >
Growth rate
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Modeling Flame Dynamics )

Temperature isosurface (1100K)

Axial_Velocity

— G’(w)ei@(w)

| O
|
+~9

§|‘Q>
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=
>
@
™
=
|

CFD or Experiments
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OUTLINE

Lehrstuhl fiir

WHITE BOX
Q/ p/ U/ p/ S,
\

Model Acoustic
and entropy waves

S (pA) + 2 (pud) =0
% (puA) + (%} (puA) = —A%
% (psA) + a% (pusA) = %q
% (phy A) + % (puh,A) = A — A%

f = Bte—iwn/c1+M) _ 1 <£ +a)
2 \ pc

g= B—eiwm/é(l—./\/l) — % (2 . a)

v Quasi 1D Conservation Equations

v Spatial integration and the compact
assumption
v

Linearization

v Further Assumptions

V' Definition of waves

v |sentropic ducts

v_ Boundary conditions

v Modeling of Flame dynamics

1 =R 0 01 [fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
T Tho -1 01 |/s 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
? '9(:"9’66 .
STABILITY ANALYSIS. - g Y%, Study stability of the system
Neg. i 5 Pos.
< —1 >
Growth rate
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Connexions 4

In this case, the Mach number is considered zero.

P. Palies, D. Durox, T. Schuller and S. Candel. Nonlinear combustion instabilities analysis
based on the Flame Describing Function applied to turbulent premixed swirling flames.
Combust. Flame, 158: 1980-1991, 2011.

C. F. Silva, F. Nicoud, T. Schuller, D. Durox, and S. Candel. Combining a Helmholtz solver
with the flame describing function to assess combustion instability un a premixed swirled
combustion. Combust. Flame, 160(9): 1743-1754, 2013.

Turbulent
combustion chamber
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Connexions

In this case, the Mach number is considered zero.

F
sl E
;LOL
Turbulent CFD

combustion chamber
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Connexions

In this case, the Mach number is considered zero.

; Lou

Turbulent
combustion chamber

CFD

Network
Models

------ 5+ Boundary Condition: Outlet
Duct (hot)
4. Cross section change + Flame
Duct (cold)
% ----------- Cross section change
Duct (cold)
O ARARERE Boundary Condition: Inlet

/6
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Connexions

In this case, the Mach number is considered zero.

------ 5---------- Boundary Condition: Open outlet
Duct (hot)
...... 4 ... Cross section change + Flame
3
Duct (cold)
....... % CI’OSS SeCtIOﬂ Change
Duct (cold)
------- (-~ Boundary Condition: Closed Inlet
Network
Models
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Connexions

In this case, the Mach number is considered zero.

------ 5---------- Boundary Condition: Open outlet
Duct (hot)
...... 4 ... Cross section change + Flame
3
Duct (cold)
....... ]2_ CI’OSS SeC‘“Oﬂ Change
Duct (cold)
------- ¢r----------- Boundary Condition: Closed Inlet
Network
Models

fﬁz.%mm’

g5

Rout —
J5

Rin — @
Jgo

/8



Connexions

In this case, the Mach number is considered zero.

------ 5---------- Boundary Condition: Open outlet
Duct (hot)
...... 4 ... Cross section change + Flame
3
Duct (cold)
....... % CI’OSS SeCtIOﬂ Change
Duct (cold)
------- (-~ Boundary Condition: Closed Inlet
Network
Models

fﬁz.f;smm’

f5 _ f46—iw(x5—m4)/5

gs = g4eiw(m5—m4)/5

fl _ foe—iw(xl—wo)/é

iw(x1—x0)/C

g1 = go€
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Connexions

In this case, the Mach number is considered zero.

------ 5---------- Boundary Condition: Open outlet
Duct (hot) f5|  [eTiwl@s—za)/C 0 f4
Js — 0 eiw(m5—:c4)/5 g4
...... 4 ... Cross section change + Flame
3
Duct (cold)
....... % CI’OSS SeCtIOﬂ Change
fl B e—iw(xl—azo)/é 0 fO
Duct (cold) [gJ - [ 0 elw(mi=ro)/e] | gq
------- (-~ Boundary Condition: Closed Inlet
Network
Models
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Connexions

In this case, the Mach number is considered zero.

------ 5---------- Boundary Condition: Open outlet
Duct (hot)
_ (fa+ga) = (fs+93)¢&
Cross section change +
...... § ceeeenneeo Flame (fa —9g4) = (f3 —g3) a[l + 0F(w)]
Duct (cold)
....... % CI’OSS SeCtIOﬂ Change
Duct (cold)
------- (-~ Boundary Condition: Closed Inlet
Network
Models

31
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Connexions

In this case, the Mach number is considered zero.

------ 5---------- Boundary Condition: Open outlet

Duct (hot)

Cross section change + [f

4] _ % [g +a+abF(w) &€—a-— oz@]-"(cu)] [ f3]

...... T <o nl - 2lemanabZl) exatatF)] o
Duct (cold)
....... % CrOSS Section Change
Duct (cold)
------- (-~ Boundary Condition: Closed Inlet
Network
Models
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Connexions

In this case, the Mach number is considered zero.

------ 5---------- Boundary Condition: Open outlet
], [1
................ gs 94
Duct (hot) 7 -
[ -rf
_______ | 94 | g3
Cross section change + f3| _ D, [fz]
...... % e Flame | 93 | g2
Duct (cold) £ f
....... % Cross section Change 2 —C [ 1]
192 91
Duct (cold) .., )
( b e fl D [f()]
= 1)
"""" (-~ Boundary Condition: Closed Inlet L J0
Network
Models
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Connexions

In this case, the Mach number is considered zero.

5)
[f5] =T [f()] where T = DaFDyCD,
9 go
4
3
2
1
0
Network
Models
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Connexions

In this case, the Mach number is considered zero.

[f5] =T [fO] where 1T = D3FD->CD;
gs go

Final matrix
1 —Ry, 0 0] [fol 0
O O _Rout 1 g0 L O
I AT —1 0 15 0
To1 oo 0 —1] (95 0
M

Network
Models
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Connexions

In this case, the Mach number is considered zero.

[f5] =T [fO] where T = D3 FD>CD;
g5 go

Final matrix
1 —Ry 0 01 [fo]l [O]
111 139 —1 0 fs5 0
To1 oo 0 —1] (95 0
M
Solution comes by solving the characteristic equation
Network
Models det(M)=0 = Thy — RoutTi2 + RinT21 — RinRoutT11 =0
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WHITE BOX
Q/ p/ U/ p/ S,
\

Model Acoustic
and entropy waves

S (pA) + 2 (pud) =0
% (puA) + (%} (puA) = —A%
% (psA) + a% (pusA) = %q
% (phy A) + % (puh,A) = A — A%

f = Bte—iwn/c1+M) _ 1 <£ +a)
2 \ pc

g= B—eiwm/é(l—./\/l) — % (2 . a)

v Quasi 1D Conservation Equations

v Spatial integration and the compact
assumption
v

Linearization

v Further Assumptions

V' Definition of waves

v |sentropic ducts

v_ Boundary conditions

v Modeling of Flame dynamics

1 =R 0 01 [fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
T Tho -1 01 |/s 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
? '9(:"9’66 .
STABILITY ANALYSIS. - g Y%, Study stability of the system
Neg. i 5 Pos.
< —1 >
Growth rate
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Stability analysis y
Solving the characteristic equation

Too — Rout 12 + RinT21 — RinRousL11 =0

we obtain a value for W (complex number)
W = W, + 1w;

/ "\

Resonance Growth

frequency rate (Stable or unstable)
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Stability analysis .
Solving the characteristic equation

Too — Rout 12 + RinT21 — RinRousL11 =0

we obtain a value for W (complex number)
W = W, + 1w;

/ "\

Resonance Growth
frequency rate (Stable or unstable)
Freg. 1%
¢,
-------- ® 7
AR
89/606/&
&
Neg. | | Pos.
<€ 5 f >

Growth rate
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Stability analysis .

W= Wy, — W,

/ "\

Resonance Growth
frequency rate
Freq. 1
¢,
-------- ® 7
R,
A
Neg. é é Pos.
< ’ ’ >

Growth rate

Harmonic Oscillations a fluctuating quantity is expressed as
CL/ — dezwt — CL/ _ &6—w7;tezwf,nt.

Therefore w; >0  stability
w; < 0 instability
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OUTLINE

s

WHITE BOX
Q/ p/ U/ p/ S,
\

Model Acoustic
and entropy waves

9 (pA) + 9 (pud) =0 v’ Quasi 1D Conservation Equations
ot Ox
9, 9, dp v~ Spatial integration and the compact
= (pud) + = (pu*A) = —A_- |
ot (pud) + ox (pu”4) ox assumption
0 0 A
gt (PsA) + g (usA) = 1 v Linearization
0 0 . Op
7 (Phed) + o (puhi A) = Ag — A v Further Assumptions

o —iwz/c(1+M) __ 1 2 0 v
=Bt =3 <,5(‘: +“> V' Definition of waves
— wwz/c(l— 1 D ~ .
g=BTewr /M = (% —U) V' Isentropic ducts
. 7 I v_ Boundary conditions
Q = pl’LLlAleTl < —2 — 1) = ﬂlAl T <T2 - ) . .
! (r=D\T V. Modeling of Flame dynamics
I =Ryn 0 01 [fo 0 Gather all elements in a single
CONNEXIONS 0 0 —Row 11 1g0f _ |0 matrix and compute acoustic
Ty Ths —1 01 ]/ 0 response of the ensemble.
|11 T2 0 —1] | 93] 0]
M
Freq.
v 9(:,"%6 .
STABILITY ANALYSIS. - \9/6,’/9 StUdy stability of the system
N(ﬁ. Pos.
- >
Growth rate
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The End
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Exercises

Open end -
R URRLR R RELRRD = ERLLE 5 ........... Boundary Condl’[lon: Ouﬂet
[3 d3 Duct (hot)
 ” L Yoairenen. . E— % ........... Cross section change + Flame
| [ do > e Duct (cold)
X --------------------- % ........... CI’OSS SeCtlon Change
[y dq Duct (cold)
Y .
..................................... B :l |
Ciosad eng ¢ oundary Condition: Inlet
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