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use a phasor to 
represent oscillations
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use a phasor to represent wave propagation
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Why does light travel in straight lines?
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Refraction and Fermat’s principle
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Wave traveling in +x direction:

Wave traveling in -x direction:

acoustic pressure:

acoustic velocity:
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Characteristic waves in acoustics
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Pressure and velocity in a standing wave
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“Riemann twist & jump”
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L

a

Consider a duct of length L with area change at position a. 
Do the eigenfrequencies change with Au/Ad and a? 
If so, how?
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at a:
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Au u’u = Ad u’d

Consider how f, g “twist” along x, 
and how they “jump” at a
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temperature the dynamic flame parameters could then be determined at all points of
interest for the stability analysis. Such scaling laws for the prediction of thermo acoustic
characteristics in dependence of the main operating parameters for premixed flames
have been proposed by Lohrman and Büchner, 2004 and Russ et al., 2007 [13, 14].
Their analysis is based on a characteristic mean time delay model and using a critical
Strouhal number scaling. The mean time delays strongly depend on the turbulent flame
speed which in turn depends on the operating point parameters. For their flames
Lohrmann and Büchner specify correlations based on experimental data and
demonstrate the application on a Helmholtz type combustor.

In this paper first we compare three different experimental methods to determine the
dynamic flame characteristics. In particular we show the validity of the new model
based regression method (MBRM) that provides the dynamic flame characteristics in
terms of the n – τ – σ model parameters. Then we develop a set of scaling rules based
on a geometrical flame model to calculate these flame parameters at various operating
points. Finally, a comparison between the measured and scaled flame characteristics is
performed.

2. EXPERIMENTAL TEST FACILITY
The experimental investigation was performed on a single burner atmospheric test rig as
shown schematically in Fig. 1. In the single burner test rig (Fig. 1) a thermally insulated
and segmented plenum of diameter 120 mm and 1500 mm length is equipped with
microphone ports to measure the upstream acoustic field [12]. The EV5 burner located
at the end of the plenum consists of two slightly shifted cones providing slots to induce
swirl to the reactant flow. Combustion occurs in an air cooled 90 mm square
combustion chamber of 700 mm length also equipped with multiple microphone ports.
Quartz glass windows on two opposite sides provide optical access. Finally, a
downstream exhaust system with a flexible acoustic boundary condition completes the

172 Determination and scaling of thermo acoustic characteristics of premixed flames

Figure 1: Schematic of the single burner test rig. See text for main dimensions.
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Microphone jacket
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Semi-infinite tube
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Two-mic method 
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... show that:

Impedance Z

Refl. Coeff. r
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Figure 3: Sketch of the open pipe test rig: Excitation by loudspeaker, five microphones at equidis-
tant positions.

Here N ≥ 2 is the number of microphones, f(xi), g(xi) depend on the fitting parameters f0, g0 via
Eqns. (2) and (3), and p(xi) are the measured value of pressure at location xi, i = 1, N . The wi’s
are suitably defined weights 2. The minimum is found with an iterative fitting procedure due to
Levenberg & Marquardt (Igor Reference & PTN002, Numerical Recipes). The initial guess for f0

and g0 that is needed by the fitting procedure is best determined with the 2MM method.
Obviously, if N = 2, the MMM is equivalent to the two microphone method, although with the

overhead of using a fitting procedure rather than (6) to determine the Riemann invariants from
the pressure signals. If N > 2, then four fit parameters, i.e. real and imaginary parts of f0 and
g0, respectively, are adjusted to provide a fit to 2N data values, i.e. real and imaginary parts of
pi, i=1,N. The fitting procedure has to be carried out for every frequency – possibly repeatedly if
convergence of the iterative fitting procedure is not achieved with only one call to the routine.

It appears plausible that the MMM provides good estimates for the Riemann invariants in the
test section, as long as at least two microphones are sufficiently far away from a pressure node,
because xi’s with small values of pressure and correspondingly poor signal-to-noise ratio will not
contribute much to the sum in (8). Also, the MMM does provide a consistency check, i.e. if
one signal is of poor quality, then the fitting procedure will not converge to small residuals or
small values of χ2. It remains to be seen whether weighting the contributions from the various
microphone location with pressure amplitudes or phase coherences improves the quality of the
results. If velocity information is also available at M locations xj , the above expression can simply
be extended to

N
∑

i=1

wi

∣

∣

∣

∣

f(xi) + g(xi) −
p(xi)
ρc

∣

∣

∣

∣

+
M
∑

j=1

wj |f(xj) − g(xj) − u(xj)| → Min. (9)

The extension to annular geometries with pressure sensors are various azimuthal locations is also
straightforward.

1.3 Reflection factor of open pipe without mean flow

To gain some experience with the MMM, the reflection factor of a simple pipe (radius a = 0.05 m)
with open and closed end is determined. Analytical results are available for these configureations;
indeed since the classic paper by Levine & Schwinger (1948) numerous papers have been published
on this subject, see Peters et al., (1993) for a comprehensive review.

Consider the result of Levine & Schwinger (1948) for the pressure amplitude reflection factor
r of an open, thin-walled pipe of radius a without mean flow. For small values of the Helmholtz
number ka = ωa/c,

r ≈ −
(

1 − 1
2
(ka)2

)

e−2ikδ. (10)

The physical interpretation is as follows: At very low frequencies, r ≈ −1, i.e. pressure pulses are
completely reflected at the pipe termination, undergoing the usual open-end phase shift of π. At

2If the standard deviations σi of pressure values are known, then setting wi = 1/σi yields statistically meaningful
values of χ2 which can be used to estimate the accuracy of the fit. For the time being, wi = 1 has been used.
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Figure 5: Reflection factor r of open end at M = 0 determined with the Two-Microphone Method.

Figure 6: Reflection factor r of open end at M = 0 determined with the Two-Microphone Method.
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Figure 6: Reflection factor r of open end at M = 0 determined with the Two-Microphone Method.
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Proceed with caution !
calibrate and “switch” the microphones

get pressures  pi as cross-correlations pix with excitation

determine microphone position from acoustics

Problems:
pressure node @ microphone i  → ill-conditioned Hij 

no check for self-consistency

how to integrate additional data ?
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Figure 1: Illustration of the ”Riemann twist”: Riemann invariants at positions x1, x2, ... are
uniquely related to f0, g0 at x0. The wave f , which is propagating in the positive x-direction turns
clockwise, while g turns counterclockwise.

1 The Multi-Microphone-Method

1.1 Review of the Two-Microphone-Method

The 2-microphone method (2MM) is frequently used to determine impedances and reflection factors
in ducts with mean flow see, e.g. Boden & Abom, (1986), or Peters et al., (1993). The underlying
analysis is most clearly exposed in terms of Riemann invariants f and g (frequently referred to in
the literature as p+ and p−.) Given that

p = f + g, (1)
f(xj) = f(xi)e−ik+(xj−xi), (2)

g(xj) = g(xi)e−ik−(xj−xi), (3)

with k± =
ω/c

M ± 1
. (4)

one can see that there is a one-to-one relation between pressures p(xi), p(xj) at two locations xi, xj

and the Riemann invariants at one location, i.e.
(

p(xi)
p(xj)

)

=
(

1 1
Φ+ Φ−

) (

f(xi)
g(xi)

)

, (5)

where the ”phase propagator” Φ± ≡ e−ik±(xj−xi). By inverting the matrix – which is always
possible granted that xi ̸= xj – one may express the Riemann invariants in terms of the pressures

(

f(xi)
g(xi)

)

=
1

Φ− − Φ+

(

Φ− −1
−Φ+ 1

) (

p(xi)
p(xj)

)

, (6)

From this equation, the expressions found in the literature for impedances or reflection factors
can be derived in a straightforward manner. For example, the pressure amplitude reflection factor
r = g/f at location x may be expressed as

r(x) =
Hjie−ik+(xi−x) − e−ik+(xj−x)

e−ik−(xj−x) − Hjie−ik−(xi−x)
(7)

where the so-called ”transfer function” Hji ≡ p(xj)/p(xi) has been introduced. This is – up to
sign conventions for k− – Equation (4) by Peters et al., (1993). Note that no low Mach number
approximations have been introduced, while effects of viscous dissipation have been neglected.

It has already been said that the 2MM exploits a unique, one-to-one relation between (complex-
valued) pressures at two locations and the two Riemann Invariants at one location (four ”degrees

1

Zinn et al, 70’s, J. Seung-Ho, 1988, Peters et al, 1993
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Figure 4: Reflection factor r of open end at M = 0 determined with the Multi-Microphone Method.

higher frequencies the absolute value of the reflection factor is less than unity, because the open
end radiates sound more and more efficiently. In addition, there is a phase shift due to the added
virtual mass at the pipe end. This phase shift can be expressed as an end-correction δ, i.e. the pipe
behaves as if it was elongated by a certain amount δ. According to Levine & Schwinger (1948),
δ ≈ 0.61a.

A more accurate expression (within 3 % of Levine & Schwinger’s ”exact” result at values of
the Helmholtz number ka less than unity) is given by

r = −e−(ka)2/2

[

1 +
(ka)4

6

(

log(
1

γka
) +

19
12

)]

e−2ikδ (11)

with δ/a = 0.6133 − 0.1168 (ka)2 and log γ = 0.5772.
Five microphones are located at positions xi = 0.417, 0.353, 0.224, 0.16, 0.096 m to the left

of the open end, see Fig. 3. For the MMM, all 5 signals have been used, for the 2MM various
pairs are selected. Note that the phase of the pressure signals was determined relative to the
driving signal rather than relative to one of the pressure signals; experience has shown that this
approach produces better phase information. White noise excitation has been used throughout the
experiments.

In Fig. 4, real and imaginary part of the reflection factor are plotted. Three curves are shown:
one curve determined with the MMM and reference location x4, a second – nearly identical – curve
determined with reference location x0 and a curve displaying the analytical result (11) of Levine
& Schwinger. A value for the end correction has been determined from the experimental data by
fitting iteratively – using again the Levenberg-Marquardt procedure – Eqn. (11) to the measured
reflection factor. Note that here there is only one fit parameter, i.e. the end correction δ, and
about 100 data values in the range ka ≈ 0 − .7 corresponding to frequencies f ≈ 0 − 800 Hz. The
value for the end correction δ = 0.661 obtained with the fitting procedure is larger than the ”ideal”
value of 0.6133. However, it is known that the end correction of an unflanged pipe does increase
with wall thickness, and the obtained value is in excellent agreement with the results of Peters et
al., (1993).

In Fig. 5 and 6, the corresponding results obtained with the two-microphone method are
shown. It is obvious that the reflection factor obtained with the 2MM does vary significantly
when different pairs of microphones are used. The pair (3;4) gives perhaps the best agreement
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Figure 5: Reflection factor r of open end at M = 0 determined with the Two-Microphone Method.

Figure 6: Reflection factor r of open end at M = 0 determined with the Two-Microphone Method.
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Figure 3: Sketch of the open pipe test rig: Excitation by loudspeaker, five microphones at equidis-
tant positions.

Here N ≥ 2 is the number of microphones, f(xi), g(xi) depend on the fitting parameters f0, g0 via
Eqns. (2) and (3), and p(xi) are the measured value of pressure at location xi, i = 1, N . The wi’s
are suitably defined weights 2. The minimum is found with an iterative fitting procedure due to
Levenberg & Marquardt (Igor Reference & PTN002, Numerical Recipes). The initial guess for f0

and g0 that is needed by the fitting procedure is best determined with the 2MM method.
Obviously, if N = 2, the MMM is equivalent to the two microphone method, although with the

overhead of using a fitting procedure rather than (6) to determine the Riemann invariants from
the pressure signals. If N > 2, then four fit parameters, i.e. real and imaginary parts of f0 and
g0, respectively, are adjusted to provide a fit to 2N data values, i.e. real and imaginary parts of
pi, i=1,N. The fitting procedure has to be carried out for every frequency – possibly repeatedly if
convergence of the iterative fitting procedure is not achieved with only one call to the routine.

It appears plausible that the MMM provides good estimates for the Riemann invariants in the
test section, as long as at least two microphones are sufficiently far away from a pressure node,
because xi’s with small values of pressure and correspondingly poor signal-to-noise ratio will not
contribute much to the sum in (8). Also, the MMM does provide a consistency check, i.e. if
one signal is of poor quality, then the fitting procedure will not converge to small residuals or
small values of χ2. It remains to be seen whether weighting the contributions from the various
microphone location with pressure amplitudes or phase coherences improves the quality of the
results. If velocity information is also available at M locations xj , the above expression can simply
be extended to

N
∑

i=1

wi

∣

∣

∣

∣

f(xi) + g(xi) −
p(xi)
ρc

∣

∣

∣

∣

+
M
∑

j=1

wj |f(xj) − g(xj) − u(xj)| → Min. (9)

The extension to annular geometries with pressure sensors are various azimuthal locations is also
straightforward.

1.3 Reflection factor of open pipe without mean flow

To gain some experience with the MMM, the reflection factor of a simple pipe (radius a = 0.05 m)
with open and closed end is determined. Analytical results are available for these configureations;
indeed since the classic paper by Levine & Schwinger (1948) numerous papers have been published
on this subject, see Peters et al., (1993) for a comprehensive review.

Consider the result of Levine & Schwinger (1948) for the pressure amplitude reflection factor
r of an open, thin-walled pipe of radius a without mean flow. For small values of the Helmholtz
number ka = ωa/c,

r ≈ −
(

1 − 1
2
(ka)2

)

e−2ikδ. (10)

The physical interpretation is as follows: At very low frequencies, r ≈ −1, i.e. pressure pulses are
completely reflected at the pipe termination, undergoing the usual open-end phase shift of π. At

2If the standard deviations σi of pressure values are known, then setting wi = 1/σi yields statistically meaningful
values of χ2 which can be used to estimate the accuracy of the fit. For the time being, wi = 1 has been used.

3

Flohr, Schmid @ ABB 1996 
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get pressure pi as cross-correlations pix with excitation signal✗

more microphones are better 

use test rig with low reflection coefficients !

extend MMM to determine speed of sound / temperature*

extend MMM to determine model parameters

✗ Prof. Tangirala, tomorrow

* Peters et al,  JFM, 1993
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Polifke & Paschereit, 1998 
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Figure 3: Measured amplitude of the coefficients of the transfer matrix T of a premix burner.
Shown are also (grey line) the predictions of the l − ζ-model (see below).

which allow to deduce all coefficients of the
transfer matrix T:

T =
(

1 ρa
[

Mu

(

1 − ζ − α2
)

− ikl
]

0 α

)

. (4)

As already mentioned above, the model sug-
gests that only the coefficent T12, coupling up-
stream velocity and downstream pressure fluc-
tuations, should depend strongly on both fre-
quency ω = kc and Mach number M . Figure
5 confirms that this is indeed the case for fre-
quencies in the range from approximately 50
Hz up to 400 Hz. At 400 Hz, the geometri-
cal length of the burner is almost one half of
the wave length λ, so the assumption of com-
pactness breaks down. The strong deviations
below 50 Hz are the subject of ongoing inves-
tigations.

Our efforts towards developing an analyti-
cal models for the case with combustion are
reported in Schuermans et al. (1999).

Determination of the trans-
fer matrix with CFD

The ”brute-force” application of computa-
tional fluid mechanics to the analysis of

thermo-acoustic systems can be forbiddingly
expensive due to the high computational de-
mands of a time- and space-accurate simu-
lation of a (low Mach number) compressible
reacting flow. Alternatively, Sklyarov and
Furletov (1975) and more recently Bohn and
co-workers (see e.g. Bohn and Deuker, 1993)
have determined the dynamic characteristics of
a flame from time-dependent numerical simu-
lation of its response to a sudden disturbance.
The transfer function obtained in this man-
ner is then used to carry out stability analy-
sis of the complete thermo-acoustic system,
i.e. flame plus air supply and combustor with
terminations, with the acoustic network ap-
proach discussed briefly in the Introduction.
Specifically, it has been suggested to Laplace-
transform the response to a unit-step pertur-
bation in order to compute the scalar (!) fre-
quency response function. In our work, we
have attempted to extend this idea to the case
of the full transfer matrix.

By applying techniques from communica-
tion engineering and here specifically sys-
tem identification, we consider the values of
acoustic variables upstream of the element as
a signal s and the downstream values as the
corresponding response r. A time-dependent
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As already mentioned above, the model sug-
gests that only the coefficent T12, coupling up-
stream velocity and downstream pressure fluc-
tuations, should depend strongly on both fre-
quency ω = kc and Mach number M . Figure
5 confirms that this is indeed the case for fre-
quencies in the range from approximately 50
Hz up to 400 Hz. At 400 Hz, the geometri-
cal length of the burner is almost one half of
the wave length λ, so the assumption of com-
pactness breaks down. The strong deviations
below 50 Hz are the subject of ongoing inves-
tigations.

Our efforts towards developing an analyti-
cal models for the case with combustion are
reported in Schuermans et al. (1999).

Determination of the trans-
fer matrix with CFD

The ”brute-force” application of computa-
tional fluid mechanics to the analysis of

thermo-acoustic systems can be forbiddingly
expensive due to the high computational de-
mands of a time- and space-accurate simu-
lation of a (low Mach number) compressible
reacting flow. Alternatively, Sklyarov and
Furletov (1975) and more recently Bohn and
co-workers (see e.g. Bohn and Deuker, 1993)
have determined the dynamic characteristics of
a flame from time-dependent numerical simu-
lation of its response to a sudden disturbance.
The transfer function obtained in this man-
ner is then used to carry out stability analy-
sis of the complete thermo-acoustic system,
i.e. flame plus air supply and combustor with
terminations, with the acoustic network ap-
proach discussed briefly in the Introduction.
Specifically, it has been suggested to Laplace-
transform the response to a unit-step pertur-
bation in order to compute the scalar (!) fre-
quency response function. In our work, we
have attempted to extend this idea to the case
of the full transfer matrix.

By applying techniques from communica-
tion engineering and here specifically sys-
tem identification, we consider the values of
acoustic variables upstream of the element as
a signal s and the downstream values as the
corresponding response r. A time-dependent

5
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temperature the dynamic flame parameters could then be determined at all points of
interest for the stability analysis. Such scaling laws for the prediction of thermo acoustic
characteristics in dependence of the main operating parameters for premixed flames
have been proposed by Lohrman and Büchner, 2004 and Russ et al., 2007 [13, 14].
Their analysis is based on a characteristic mean time delay model and using a critical
Strouhal number scaling. The mean time delays strongly depend on the turbulent flame
speed which in turn depends on the operating point parameters. For their flames
Lohrmann and Büchner specify correlations based on experimental data and
demonstrate the application on a Helmholtz type combustor.

In this paper first we compare three different experimental methods to determine the
dynamic flame characteristics. In particular we show the validity of the new model
based regression method (MBRM) that provides the dynamic flame characteristics in
terms of the n – τ – σ model parameters. Then we develop a set of scaling rules based
on a geometrical flame model to calculate these flame parameters at various operating
points. Finally, a comparison between the measured and scaled flame characteristics is
performed.

2. EXPERIMENTAL TEST FACILITY
The experimental investigation was performed on a single burner atmospheric test rig as
shown schematically in Fig. 1. In the single burner test rig (Fig. 1) a thermally insulated
and segmented plenum of diameter 120 mm and 1500 mm length is equipped with
microphone ports to measure the upstream acoustic field [12]. The EV5 burner located
at the end of the plenum consists of two slightly shifted cones providing slots to induce
swirl to the reactant flow. Combustion occurs in an air cooled 90 mm square
combustion chamber of 700 mm length also equipped with multiple microphone ports.
Quartz glass windows on two opposite sides provide optical access. Finally, a
downstream exhaust system with a flexible acoustic boundary condition completes the

172 Determination and scaling of thermo acoustic characteristics of premixed flames

Figure 1: Schematic of the single burner test rig. See text for main dimensions.

5.5 Example network calculations 5 NETWORK MODELS

u⌅
c, u

⌅
h just up- and downstream of the flame, but may also involve perturbations of velocity,

or pressure, or equivalence ratio � elsewhere in the system. As indicated the flame response
also depends on length scales (of the burner / the flame), Mach numbers, equivalence
ratios, flame speeds, etc.

In the simplest case, the flame response may be described in terms of a transfer function
that depends on the upstream (”cold”) velocity u⌅

c,

F (⇣) ⌦ Q̇⌅/Q̇

u⌅
c/uc

. (75)

Then the corresponding transfer matrix for a compact flame follows from the linearized
Rankine-Hugoniot relations Eqns. (72) and (73);

T =

�

�
⇥ccc
⇥hch

�
⌅

Th
Tc

� 1
⇧
Mh (1 + F (⇣))

�⇥
⌅

Th
Tc

� 1
⇧
Mc 1 +

⌅
Th
Tc

� 1
⇧
F (⇣)

�

✏ (76)

5.5 Example network calculations

To conclude, we present here a result of a very simple network, which nevertheless produces
non-trivial results. The configuration considered consists of the following elements:

open end – duct – area change – duct – open end

For the ducts, a transfer matrix as given in Eq. (9) or Eq. (65) is used. A Mach number
M = 0.1 is assumed, mean flow e⌅ects on wave propagation are taken into account by
setting the wave numbers kx± = ⌥⇣/c(1±M) (this follows from Eq. (64) for plane waves
with k⌃ = 0.) ). The area change is an expansion with area ratio � = Au/Ad = 1/3, it is
described as a compact element according to Eq. (57). For simplicity the e⌅ective lengths
are set to zero for the example considered.

Fig. 17 shows frequencies and growth factors (computed as exp(�i�(⇣)) of the first
two eigenmodes with a loss coe⌥cient ⇧ = 0. It should come as a surprise that growth
factors larger than unity are predicted. Clearly, there is no ”thermo-acoustic engine” in
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Figure 17: Frequencies (left) and growth factors (right) of first two eigenmodes in a duct
with area change vs. position of the area change. Loss coe⌥cient ⇧ = 0, boundary
reflection coe⌥cients r = �1 at both ends.
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Reddy et al, IJSCD, 2010 

temperature the dynamic flame parameters could then be determined at all points of
interest for the stability analysis. Such scaling laws for the prediction of thermo acoustic
characteristics in dependence of the main operating parameters for premixed flames
have been proposed by Lohrman and Büchner, 2004 and Russ et al., 2007 [13, 14].
Their analysis is based on a characteristic mean time delay model and using a critical
Strouhal number scaling. The mean time delays strongly depend on the turbulent flame
speed which in turn depends on the operating point parameters. For their flames
Lohrmann and Büchner specify correlations based on experimental data and
demonstrate the application on a Helmholtz type combustor.

In this paper first we compare three different experimental methods to determine the
dynamic flame characteristics. In particular we show the validity of the new model
based regression method (MBRM) that provides the dynamic flame characteristics in
terms of the n – τ – σ model parameters. Then we develop a set of scaling rules based
on a geometrical flame model to calculate these flame parameters at various operating
points. Finally, a comparison between the measured and scaled flame characteristics is
performed.

2. EXPERIMENTAL TEST FACILITY
The experimental investigation was performed on a single burner atmospheric test rig as
shown schematically in Fig. 1. In the single burner test rig (Fig. 1) a thermally insulated
and segmented plenum of diameter 120 mm and 1500 mm length is equipped with
microphone ports to measure the upstream acoustic field [12]. The EV5 burner located
at the end of the plenum consists of two slightly shifted cones providing slots to induce
swirl to the reactant flow. Combustion occurs in an air cooled 90 mm square
combustion chamber of 700 mm length also equipped with multiple microphone ports.
Quartz glass windows on two opposite sides provide optical access. Finally, a
downstream exhaust system with a flexible acoustic boundary condition completes the
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Figure 1: Schematic of the single burner test rig. See text for main dimensions.

speaker and reflecting ends implement the boundary conditions. The burner is modeled
as a pressure loss element with inertia and is characterized by the free parameters
effective length leff and loss coefficient ζ [23, 12]. The flame is treated as a compact
element with free parameters based on the n − τ − σ flame transfer function discussed
further below. The network modeling provides a functional template with a restricted set
of physically motivated parameters that can be determined from regression analysis of
the experimental pressure data. Given the validity of the parameterized model functions
of burner and flame, one can thus obtain the characteristics of the flames without the
full experimental expense required for the direct transfer matrix measurement. This
model based regression method (MBRM) to determine the FTM presented below needs
only one test state as opposed to two in the direct method. This method is therefore very
useful in complex geometries like an annular test rig where it is very difficult to achieve
two acoustically independent test states for measuring the burner and flame transfer
matrices directly. The procedure is shown schematically in Fig. 5.

A measurement with e.g. upstream excitation is carried out with a row of micro-
phones positioned upstream and downstream. From the 1–D acoustic theory p ′u, u′u are
obtained at a chosen reference plane using the measured pressures at several locations
(e.g. from the MMM). The data is then multiplied with the known BTM and FTM
model to calculate the pressure and velocity field downstream (p ′d , u′d). A regression
analysis is performed to match the measured downstream data for all frequencies, such
that the error is minimized. In this manner the optimized flame parameters are obtained.
This procedure can also be applied in the other direction or with downstream excitation.
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Figure 4: 1–D acoustic network model representing the single burner test rig.
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Figure 5: Principle of the model based regression method (MBRM) to determine
the flame parameters from only one set of measurement.

Model based regression:
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Some regularization methods for a thermoacoustic inverse problem 999

Combustible 

Mixture

Pressure Sensors

Distribution of Heat Release Rate

Figure 1. Experimental setup.

Following [2], we work in frequency domain, assuming time harmonic be-
haviour at frequency !, and formulate the problem as a one-dimensional differ-
ential equation

pxx CZ1px CZ2p D Z3.ikq CMqx/ ; x 2 .0; L/ ; (2.1)

which is justified in an appropriate experimental setup as shown in Figure 1 at
frequencies below the cut-on frequency of non-plane acoustic modes, cf. [2]. Here
p denotes the acoustic pressure, q the heat release, and the constants Z1; Z2; Z3
are given by

Z1 D !
2kM

1 !M 2
i

Z2 D
k2

1 !M 2

Z3 D !
! ! 1

c.1 !M 2/

where ! is the ratio of specific heats, k D !=c the wave number, M D u=c the
mean Mach number, u the mean axial velocity, c the mean speed of sound, and L
the length of the combustor.

In here, to keep notation similar to existing literature on this application, we
write a subscript x for the derivative with respect to space, although (2.1) is ob-
viously an ordinary differential equation. Considering (2.1) as an ODE for q, we
see that q is only uniquely determined if we specify in addition to (2.1) an initial
value for q. We will simply set

q.0/ D 0 ; (2.2)

which is physically justified by the fact that q.0/ can be regarded as a selectable
offset value.
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Indeed, Bala Subrahmanyam et al. [2] show that the thermo-acoustic inverse
problem can be formulated as a Fredholm integral equation of the first kind, which
involves the Green’s function for acoustic wave propagation. Furthermore, they
provide a re-formulation of the thermo-acoustic inverse problem in terms of a
Volterra integral equation of the second kind, with the integral over the fluctu-
ating heat release rate as the unknown, thus leading to a problem of numerical
differentiation. More recently, Pfeifer et al. [19] proposed an algorithm for the
determination of location and strength of monopole sources in a closed chamber
by evaluation of pressure signals measured by wall-mounted microphones. Based
on the theory of near-field acoustic holography, the acoustic field in the chamber
was represented by Green’s Functions, taking into account also higher-order, pos-
sibly evanescent acoustic modes. In this manner, a linear mapping from N sound
sources to M sensor positions was formulated. This mapping was inverted with
Tikhonov regularization and truncated singular value decomposition (SVD), thus
providing a solution to the thermo-acoustic inverse problem for the configuration
considered.

The aim of this paper is to develop and apply more problem adapted regu-
larization strategies than Tikhonov regularization or truncated SVD. Indeed, the
formulations we will consider allow to make use of the problem structure as a
Volterra integral equation or an inverse problem for an ordinary differential equa-
tion (ODE).

In Section 2 we specify the underlying model for our thermoacoustic inverse
problem. Section 3 provides a discussion of some regularization strategies taking
into account the Volterra structure of the problem. It also contains a new approach,
that is based on an explicit formula for the inverse problem by solution of some
ODE, as well as numerical differentiation. Finally, in Section 4, we compare the
proposed methods in numerical tests.

2 Preliminaries

The oscillatory heat release q appears as a source term in the acoustic wave equa-
tion for the pressure fluctuations p, which for example in the limit of vanishing
Mach number M ! u=c ! 0 (where u is a characteristic flow velocity and c the
average speed of sound) reads as

1

c2
@2p

@t2
" N!r #

!
1

N!rp
"
D " " 1

c2
@q

@t
;

where N! is the average density, and " the ratio of specific heats. We therefore refer
to, e.g., [9, 11, 21, 25] for important results on uniqueness and stability of inverse
source problems for second order hyperbolic equations.
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Microphones can measure 

pressure

frequency

velocity

impedance, admittance, model coefficients

heat release distribution

Acoustic measurements require care and attention to detail

Good experimentation requires understanding & modelling

Read good books written by smart people
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Thank You


