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Thermoacoustic instabilities are a major challenge  
for combustion technology
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A fluctuating flame is a monopole source of sound ➔ combustion noise or instability 

Flame heat release rate responds to fluctuations of velocity with a time lag 

 

Self-excited thermo-acoustic instability may result if phases  are favorable 
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The established paradigm of thermoacoustic instability: 
Unsteady flame heat release drives one of the acoustic cavity modes
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The flame impulse response  and the flame transfer function  describe how 
flame heat release  responds to velocity 

h ℱ·!′ u′ 

5W. Polifke | Intrinsic thermoacoustic feedback | POLKA 4th Progress Meeting |  April 2022

Time Domain

Polifke, PECS 2020

Frequency  Domain

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.5

0

0.5

1

1.5

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

0 5 10 15 20 25
0

1

2

0 5 10 15 20 25
-

0

Impulse response h Flame Transfer Function (FTF)ℱ



The transfer matrix  of burner & flame links the flame transfer function  to 
up- and downstream acoustic variables  
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The scattering matrix  provides an alternative description in  terms of  
reflection and transmission coefficients for the characteristic wave 
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3. Versuchsanlage und Messtechnik

Für die Durchführung der experimentellen Untersuchungen war ein Ringbrenn-
kammerversuchsstand zu konzipieren und aufzubauen. Die Geometrie der Brenn-
kammer sollte durch Ähnlichkeitsbetrachtungen aus der
Ringbrennkammergasturbine Modell V94.3A der Siemens AG abgeleitet werden,
um mit der Realität vergleichbare Verhältnisse im Experiment erreichen zu kön-
nen.

3.1 Der TD1-Drallbrenner

Um die primäre Zielsetzung dieser Arbeit, den Vergleich zwischen einer Einzel-
brenner- und einer Ringbrennkammeranordnung, erfüllen zu können, wurde am
Lehrstuhl für Thermodynamik ein Drallbrenner für vollständig vorgemischten
Betrieb entwickelt, der in beiden Versuchseinrichtungen eingesetzt werden konnte.
Er wurde auf den Brennstoff Erdgas ausgelegt. Seine Hauptbestandteile sind ein
radiales Drallregister mit einer daran anschließenden konvergenten Düse und einer
Mittellanze zur Drallstabilisierung.

          

Abbildung 3.1 Drallerzeuger und gesamter Drallbrenner

Durch Einsetzen von Zylinderringen in den Drallerzeuger können die tangentialen
Eintrittsschlitze teilweise abgedeckt werden, wodurch eine Beeinflussung der
Drallzahl möglich wird. Auch der Austrittsdurchmesser des Brenners ist durch
austauschbare Düseneinsätze anpassbar, ebenso können unterschiedliche Lanzen-
durchmesser gewählt werden. Durch diese drei Parameter kann die Drallzahl und
der Druckverlust des Brenners über einen weiten Bereich beeinflusst werden. Au-

Scattering matrix and instability potentiality of a premixed swirl burner show 
inexplicable peaks
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Figure 3. GAIN (LEFT) AND PHASE (RIGHT) OF FLAME
FREQUENCY FUNCTION. EXPERIMENT (·), MODEL (—),
CFD/SI (– –) .

For an active element like an unsteady heat source, the amplifica-
tion factors � need not be less than unity, i.e. incoming acoustic
waves can be amplified such that the emitted acoustic power ex-
ceeds the incoming power.

RESULTS FOR A PREMIX SWIRL BURNER
The T D1 burner is a versatile premix burner with a tangen-

tial swirl generator followed by a convergent nozzle and a central
lance, see Fig. 1. The length of the inlet slits of the swirl genera-
tor can be changed, thus modifying the swirl number of the flow
at the burner outlet [19, 21, 22]. Fuel is injected upstream of a
choked cross-section to ensure perfectly premixed conditions.

Flame frequency response
Using a CTA probe to measure the velocity uB at the burner

mouth and a photomultiplier to measure the intensity of OH-
chemiluminescence – which is a good measure of heat release
rate Q̇ for a perfectly premixed flame – the flame frequency re-
sponse was determined experimentally by Fischer et al. [19, 22].
For the results reported here, configuration / operating conditions
are as follows: thermal power 60 kW, equivalence ratio ⇥ = 0.75,
swirl number S ⌅ 0.73, nozzle diameter 40 mm and swirler slit
length 16 mm (hence ”TD4016”). Results are shown in Fig. 3.

The flame frequency response measured by Fischer [22] can
be fitted with good accuracy to the following functional form
(which will prove useful in the following):

F(⇧) = (1+a)e�i⇧⌅1�
⇧2⇤2

1
2 �ae�i⇧⌅2�

⇧2⇤2
2

2 . (16)

Such a formulation with two time-delays and dispersion has been
proposed, e.g., in [10, 23, 24]. Using a non-linear fitting rou-
tine, the following parameter values have been determined to

give good agreement with the experimental data of Fischer [22]:
a = 0.827, ⌅1 = 3.17 ms, ⇤1 = 0.863 ms, ⌅2 = 12.4 ms, ⇤2 = 2.70
ms, see Fig. 3.

Gentemann et al. have determined the flame frequency re-
sponse of the T D1 burner with CFD/SI, using a 2-D axisymmet-
ric, compressible URANS formulation to model the turbulent re-
acting flow [19]. A Reynolds-Stress turbulence model, the TFC
combustion model of Zimont et al. [25] and the swirl generator
model of Kiesewetter et al. [26] have been used. Further details
on the computational setup, in particular the scheme for white-
noise perturbation of velocity at the inlet and pressure at the out-
let of the computational domain are reported in [19].

Comparing the flame frequency response determined in ex-
periment and with CFD/SI, respectively, good quantitative agree-
ment for the phase is found up to 200 Hz, see Fig. 3. How-
ever, only rough qualitative agreement is observed for the gain
in this frequency range. It was found that the results of CFD/SI
are rather sensitive to parameters of the CFD model, e.g. the
thermal wall boundary condition imposed, or the critical strain
gcr, which is an important parameter of the TFC model. For the
calculations reported here, gcr = 8500 1/s and a combustor wall
temperature TW = 300 K was used. Changing to an adiabatic
thermal boundary condition, better agreement between experi-
ment and CFD/SI was achieved (see Fig. 7 in [19]). However, it
was also observed that the computed spatial distribution of mean
heat release is not in good agreement with the corresponding ex-
perimental results. It was concluded that a validated computa-
tional model for the T D1-burner is required to achieve quantita-
tive agreement also for the gain of the frequency response, espe-
cially for higher frequencies.

Fortunately, it turns out that the main results and conclusions
of the present study do not depend in a sensitive manner on de-
tails of the flame frequency response. Therefore we proceed on
the basis of the computational results of Gentemann et al. [19]).

Scattering Matrix
In the following, results for the scattering matrix of the T D1

premix swirl burner (with combustion) are presented and dis-
cussed, see Fig. 4. It is remarkable that all four coefficients of
the scattering matrix exhibit a significant peak in absolute mag-
nitude at frequencies near 150 Hz. Before this feature is analyzed
in more detail, it should be ruled out that it is due to an error in
post-processing CFD or experimental data, or due to the short-
comings of the combustion model as discussed above. Therefore,
it is shown that CFD/SI as well as experimental data (combined
with analytical estimates for the frequency response and/or the
transfer matrix of a compact burner) all give qualitatively similar
results. One may conclude that the observed feature is indeed not
an artifact of measurement or modelling.

4 Copyright c⇤ 2007 by ASME
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Thermoacoustic instability in anechoic system 

ITA modes and resonances in real-world combustors 
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Consequences of intrinsic thermoacoustic feedback  
for combustion dynamics and combustion noise
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Acoustic waves impinging upon the flame are transmitted  / reflected

11Bomberg et al, PROCI, 2015
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Unsteady heat release Q’ contributes to the outgoing acoustic waves

12Bomberg et al, PROCI, 2015



Q̇0 R�

Plenum Flame Combustion Chamber

R�

W. Polifke | Intrinsic thermoacoustic feedback | POLKA 4th Progress Meeting |  April 2022

The flame heat release Q’ is perturbed by upstream velocity uu’
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The  upstream velocity uu’ is controlled by the upstream acoustics fu, gu
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Acoustic waves generated by unsteady heat release Q’ perturb the  
velocity uu’ upstream of the flame ➔ intrinsic thermoacoustic feedback

15Bomberg et al, PROCI, 2015
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Analogy: electro-acoustic feedback
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The peaks in  and the instability potentiality result from resonance with 
the ITA feedback loop

,̂
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„Preventing thermo-acoustic instabilities by breaking the feedback loop” 
– does not work !?
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108 Intrinsic flame instability

due to the temperature difference. As consequence, the length of the upstream duct
determines most of the system behaviour. In case one follows the array of points
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Figure 5.8: Pole locations for decreasing up and downstream reflections for the case n = 1 >
nc , and L1 = 0.3, L2 = 0.2. (a) Overview, (b) close up around the first intrinsic mode. The
color represents the value of

p
|R1|2 +|R2|2. ( ) Flame intrinsic modes, ( ) System modes for

(R1e ,R2e ) = (1,°1).

for both reducing up- and downstream reflections, it is clear that the system modes
converge to the flame mode located at s = (250 j ° 74.68) · 2º. Naturally, this loca-
tion is in correspondence with equation (5.13). Since the intrinsic flame mode is
stable, this means that the general trend is of increasing stability with decreasing up-
or downstream end reflections. In addition, note that in figure 5.7a, the branches
not belonging to an intrinsic mode seem to converge deeper in the left half plane for
decreasing reflections, and hence are further ’stabilized’.

The situation changes considerably when n = 1 > nc , for which the system poles
are depicted in figure 5.8a-b. Except the change of the gain, no other adjustments to
the parameters are made. It is immediately clear from figure 5.8a, that the root locus
arrays coupled to the intrinsic modes are shifted into the unstable right half plane.
The remaining two modes on the other hand, at 120 and 600 [H z] remain stable.

Considering the root-locus of the first intrinsic mode again, shown in figure 5.8b,
we observe that due to the increase in gain, the frequency of the (R1e ,R2e ) = (1,°1)
point is further increased to 302 [H z]. However, the major difference is that since
now the flame intrinsic mode is unstable, located at s = (250 j +21.13)·2º, the system
is still unstable even when there are no acoustic reflections. Otherwise, almost the
exact same trends are visible with respect to a decrease in either up- or downstream
reflection coefficient. In this context, it is remarkable that the change of gain has
merely shifted the figure into the unstable half plane, and shows that the intrinsic
modes play an essential role in the total system dynamics.

In order to further clarify the results, figure 5.9a depicts the mode shape for the
(R1e ,R2e ) = (1,°1) point when n = 1. Note that only half of the complete cycle is
shown in order to clarify the image. Clearly, the mode resembles a typical stand-
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Intrinsic mode is unstable if the  
interaction index n is supercritical,  

and the phase of the FTF = π 

Hoeijmakers et al., CNF 2014, 2016, Emmert et al, CNF, 2015
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due to the temperature difference. As consequence, the length of the upstream duct
determines most of the system behaviour. In case one follows the array of points
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for both reducing up- and downstream reflections, it is clear that the system modes
converge to the flame mode located at s = (250 j ° 74.68) · 2º. Naturally, this loca-
tion is in correspondence with equation (5.13). Since the intrinsic flame mode is
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point is further increased to 302 [H z]. However, the major difference is that since
now the flame intrinsic mode is unstable, located at s = (250 j +21.13)·2º, the system
is still unstable even when there are no acoustic reflections. Otherwise, almost the
exact same trends are visible with respect to a decrease in either up- or downstream
reflection coefficient. In this context, it is remarkable that the change of gain has
merely shifted the figure into the unstable half plane, and shows that the intrinsic
modes play an essential role in the total system dynamics.

In order to further clarify the results, figure 5.9a depicts the mode shape for the
(R1e ,R2e ) = (1,°1) point when n = 1. Note that only half of the complete cycle is
shown in order to clarify the image. Clearly, the mode resembles a typical stand-
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In order to close the FTF model the relation between the reference velocity

fluctuation and the CWA uu = fu � gu is used. Eqs. (11), (12), (13) and (5)

are combined:
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Each

:::::
line
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of

::::
the

::::::::
system

:::::::::
reflects

::::
the

::::::
open

::::::
loop

:::::::::
transfer

::::::::::
functions

:::::::::
relating

::::::
inputs

:::::
and

:::::::::
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:::
of

::::
the

:::::::::
network

:::::::
model

::::
and

::::
its

::::::::
closure
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by

::::
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:
The characteristic equation is
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(↵ + ⇠)(Zd(s) + 1)(Zu(s)� 1)
. (15)

The denominator is always non-zero. Zu = 1 and Zd = �1 would imply the

respective reflection factors being infinite, while the parameters ↵ and ⇠ are

positive and bounded. Thus the eigenvalues need to fulfill the condition

0 = Zd(s)↵� Zu(s)⇠ + Zd(s)F (s)✓ , (16)

which is the same as the characteristic equation of the system defined in

primitive variables (compare Eq. (7)).
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Re-arrange system matrix to segregate the network model into 
acoustic and ITA sub-systems, which may then be de-coupled
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Fig. 3: Partitioning of the test rig network model.

:::
For high frequencies, where the flame response typically dies out ,

::::::::::
F (s) ⇡ 0

::::
and

::::
the

::::::::::::::
characteristic

:::::::::
equation

:::
of

::::
the

::::
full

:::::::
system

:
(7)

:::::::::
becomes

::::
the

:::::
same

:::
as

::::
the

::::
one

::
of

::::
the

::::::
pure

:::::::::
acoustic

::::::::
system (8)

:
.
::::::::::::
Therefore,

:::
at

:::::
high

::::::::::::
frequencies

:
acoustic

modes are not a↵ected by the flame.

3.3. Pure Intrinsic Thermoacoustic Modes

Eliminating acoustic reflections from the up- and downstream section in-

stead imposes Zu = �1, Zd = +1 in Eq. (7)(7). In this case, the system

reduces to the ITA feedback system depicted in Fig. 3b with dispersion rela-

tion:

0 = ↵ + ⇠ + F (s)✓ . (9)

This equation, which was previously reported by [? ], [? , Eq. (14)] and [? ,

Eq. (14)], is clearly distinct from the acoustic modes of the system (8).
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In contrast to the transfer matrix formulation in primitive acoustic vari-

ables p0, u0 we can now separate out the gu waves caused by the flame. In

Eq. (14) the heat release q̇0 is driving gu by ✓/(↵ + ⇠) (column 6, row 2) and

gu in turn is acting on fu by (Zu + 1)/(Zu � 1) and uu by �1 (column 2 and

rows 1, 5). We rearrange the equations such that in Eq. (17) q̇0 directly a↵ects

fu by (Zu + 1)/(Zu � 1) · ✓/(↵ + ⇠) (column 6, row 1) and uu by �✓/(↵ + ⇠)

(column 6, row 5).
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By transforming the system, the dynamics are not a↵ected, thus the char-

acteristic equation and eigenvalues do not change. But now the system of

equations Ã(s) has a block matrix structure, which should be interpreted as

follows: The upper left 4 by 4 matrix captures the pure acoustic dynamics,

whereas the lower right 2 by 2 matrix, as we will show, models the intrinsic

system. On the o↵ diagonal there are coupling terms for the acoustic system

acting on the intrinsic system (lower left) and the intrinsic system driving

the acoustic system (upper right). This way to partition and interconnect

the pure acoustic and pure ITA system is depicted in Fig. 3c. The acoustic

system is feeding velocity perturbations at the burner mouth into the ITA

system, where they contribute to the perturbations of the intrinsic system

15



Variation of the coupling coefficient  associates a thermoacoustic  
mode with cavity acoustics  or the ITA  feedback loop

μ : 4 → 3
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Fig. 5: Correspondence of acoustic ( ) and ITA ( ) to full system ( ) eigenmodes. Modu-

lation parameter µ is varied from 0 to 1 ().

:::::::::
previous

::::::::
sections. For this purpose, the eigenvalues and eigenvectors of the

systems under investigation are computed. At first the modulation parame-

ter µ is used to discriminate between acoustic and ITA eigenmodes of the full

system. Subsequently, the eigenvectors of the most dominant eigenmodes are

analyzed. Eventually the influence of the downstream reflection coe�cient

on the eigenvalues of the system is investigated.

5.1. Correspondence of Eigenvalues

In the previous sections, we have shown that for µ = 0 the eigenmodes

of the pure acoustic and ITA systems emerge. For µ = 1, the full system

dynamics are recovered from the modulated system. Now a sweep of µ from

0 to 1 is performed and the resulting eigenvalues of the coupled system are

shown in Figure 5. By doing so, a 1:1 relation between the eigenmodes of the

full system (
:
)
:
and the pure acoustic

:
(

:
) and ITA modes

:
(

:
)
:
is established. We
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Anomalous behaviour of the dominant ITA mode:  
with decreasing reflection at the exit, Rx = -1  ➜  0 its growth rate increases
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Fig. 7: Eigenvalue shift due to changes in downstream reflection factor. Fully reflective

(Rx = �1) open end: acoustic modes ( ), ITA modes ( ); Gradually lower reflections ()

until non reflective ( ).

generates for a non reflective downstream boundary to a frequency of 0Hz.

Due to the plenum, the
::::
The

:
second acoustic mode remains resonating, but

is heavily damped.

In contrast to the acoustic modes
:
(

:
), the intrinsic mode

:
(

:
)
:
is amplified

and eventually becomes unstable as the reflection coe�cient Rx is reduced.

Similar observations were made by [? ] in numerical simulations of laminar

premixed flames. In the common perception of thermoacoustic instability,

where only acoustic modes are considered to become unstable due to the

driving by the flame, this is a surprising result. Typically one would assume

that less reflections relate to more acoustic losses and therefore increased

thermoacoustic stability. In closing it is mentioned that this result aligns

with the assertion of [? ] that in the experiment this mode is unstable
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One-way coupling between combustion noise source and combustor acoustics  
yields a resonance peak at  400 Hz - the quarter wave mode of the combustor
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With two-way coupling, we recover also the low-frequency peak, and identify it 
as resonance of the noise source term with the ITA feedback loop
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Again, the  ITA resonance peak shows non-intuitive response to variation in the 
exit reflection coefficient
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≈370 Hz

98 Hz

|Rx| increases

Silva et al, TIGRE, 2016, CNF 2017



For constant equivalence ratio, temperature, speed of sound the  
ITA peak frequency increases with flow speed –  convective scaling
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Convective scaling helped to identify a low frequency  „bulk mode”  
in a spray flame combustor as an ITA mode
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Fig. 3. Schematic view of the turbulent spray flame configuration. The cross marker 
shows the location of the reference position used in this study. 
˙ Q = 64 kW . The global equivalence ratio is φ = 0 . 55 , which cor- 

responds to an adiabatic flame temperature of T adia = 1580 K . An 
absolute pressure drop of about "p = 32 mbar defines the base 
line operating point. No absolute values of the flow rates or bulk 
velocities are reported. Instead, the pressure loss "p is mea- 
sured between the upstream injector plate (black cross marker in 
Fig. 3 ) and a pressure sensor in the combustion chamber (red cross 
marker) and can be seen as a measure proportional to the square 
of the bulk velocity across the swirler. The pressure sensor inside 
the combustion chamber ( Fig. 3 ) is located 6 mm downstream of 
the injector plate. 
2.2. Non-reacting measurements of the spray characteristics 

Non-reacting experiments were performed investigating the dy- 
namics of the kerosene spray [20,23] . The spray is generated by 
an prefilming airblast atomizer, where liquid fuel is injected on a 
prefilmer, where it forms a film. High air flow velocities create a 
shear effect on the liquid film, which then is atomized into a spray 
at the prefilmer edge. The generated droplet characteristics directly 
depend on the air flow configuration of the swirling device. 

At base line conditions, the present injection device generates 
at steady-state a droplet size distribution with Sauter Mean Diam- 
eter of d SMD = 30 µm . Eckstein and coworkers [23] used external 
forcing via a siren to analyze the spray dynamics: measurements of 
gas and droplet velocities under forced conditions reveal a quasi- 
steady atomizer behavior. The burner flow responds quasi-steady 
to the low frequency forcing, i.e., the relative phase shift is negligi- 
ble. This allows linking the diameter of the spray directly with the 
air velocity [23] . 

Based on the droplet size measurements, the acceleration time 
of the droplets τ A has been estimated by Eckstein and co-workers 
for this configuration. The acceleration time delay (also known as 
relaxation time [24] ) describes the time needed for a droplet to 
accelerate to 63% of the gas velocity. Starting from the equation of 
motion for a spherical droplet at constant air velocity, an expres- 
sion for the acceleration time in non-reacting conditions is derived 
based on the droplet diameter d SMD [20] : 
τA = 1 

18 ρ f uel 
ρair d 2 SMD 

νair = 1 . 86 ms (1) 
where νair is the dynamic viscosity of air, ρ fuel and ρair denote 
the densities of fuel and air, respectively. Following Hinze [25] , for 
nonlinear cases such as an unstable limit cycle, the acceleration 
time is lowered by τA / 3 = 0 . 62 ms . 
2.3. Experimental analysis of the limit cycle 

Self-excited combustion instabilities with a dominant frequency 
f 1 = 126 Hz are observed ( Fig. 4 ) for the base line operating point 
( "p = 32 mbar ). The pressure spectrum indicates also the presence 
of a second peak at f 2 = 252 Hz , i.e., twice the frequency of f 1 
as well as a third peak at frequencies around f E = 85 Hz . Eckstein 
et al. [19] described f E as an entropy mode that is only present 
when the chamber is operated with a choked nozzle. The present 

Fig. 4. Spectral analysis of pressure sensor (cross marker in Fig. 3 ). Adopted from 
[19] . 

Fig. 5. Fluctuations of pressure p ′ and chemiluminescence emission OH ′ from mea- 
surements (adopted from [20] ). The phase is indicated by ϕR . The location of the 
pressure recording is indicated in Fig. 3 with a red cross marker. 

Fig. 6. Limit cycle visualization from experiments (reproduced from [20] ). The 
phase is given with reference to maximum OH’ intensity ( ϕ = 0 ◦) in Fig. 5 . Left: 
Phase-averaged droplet Mie scattering signal at injector nozzle. Middle: Phase- 
averaged magnitude droplet velocities ( √ 

u 2 + v 2 ). Right: OH ∗-chemiluminescence 
recorded by high speed camera. Lateral arrows indicate dilution holes for secondary 
air. 
study is focussing on the dominant frequency f 1 and will not 
discuss the low-frequency mode at 85 Hz any further. 

Eckstein et al. [19] evaluated the Rayleigh criterion from the in- 
tegrated OH ∗ signal and the pressure inside the combustor ( Fig. 5 ). 
The p ′ signal lagged the OH ′ signal with a phase of 53 ◦, indicating 
that the Rayleigh index is positive. 

Phase-averaged images of the droplet number density, droplet 
velocity and line-in-sight integrated heat release ( Fig. 6 ) show that 
droplet dynamics play an important role in combustors using liq- 
uid fuel. Highest heat release rates appear before pressure reaches 
its maximum ( ϕ = 0 ◦ in Fig. 5 ). At the same time, the spray 

Ghani et al., CNF, 2019
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Fig. 12. Frequencies and growth rates of acoustic and ITA modes obtained from the network model. ITA modes are marked with circles and acoustic modes with diamonds. 
Red symbols denote reference results ( Table 1 ), which correspond to the base line experiment. The lengths of the supply tube ( ST ) and of the combustion chamber ( CC ) have 
been shortened (index s , filled symbols) and lengthened (index l , empty symbols) by ± 50% of the reference length and the reference flame time, respectively, to track the 
mode behavior. Additionally, the time delay τ f of the ITA mode obtained from the network model ( f ITA = 131 Hz ) is varied (dotted arrows) to capture the resulting change 
in frequency, confirming its ITA nature. The ITA modes feature large changes in frequency which highlights their ITA nature. Sensitivities of supply tube and ITA mode 
frequencies to changes in time delay and supply tube lengths, respectively, are not shown as these are quasi zero. 
Table 1 
Frequencies obtained with network model in comparison to experimental data. No 
flame model is used for “passive flame” (PF) computations. A flame model is used 
for “active flame” (AF) computations. 

1. Mode [Hz] 2. Mode [Hz] 3. Mode [Hz] 
Experiment 126 252 –

PF Acoustic mode 58 146 255 
ITA mode – – –

AF Acoustic mode 91 165 258 
ITA mode 131 461 –

4. Identification of ITA modes 
The network model results indicate two additional modes, 

which appear when the flame model is activated ( Fig. 10 ). Obvi- 
ously, these modes do not correspond to the cavity modes, which 
have been identified in Section 3.2 . Therefore, the following section 
investigated the characteristics of these modes in order to clarify 
whether these are acoustic or ITA modes. 
4.1. Parametric analysis of mode characteristics 

Generally, acoustic mode frequencies change, if relevant length 
scales of the geometry are changed for a fixed operating point. 
However, ITA mode frequencies do not depend in a sensitive man- 
ner on this parameter, but rather change with the time delay of 
the flame, which in turn scales convectively with the bulk veloc- 
ity [17] . We use this feature of ITA modes to parametrically change 
lengths and time delays in the network model and track the be- 
havior of mode frequencies, in particular the mode f ITA = 131 Hz . 
By doing so, ITA modes can be distinguished from acoustic modes. 

The lengths of the combustion chamber ( CC ) and of the supply 
tube ( ST ) have been parametrically varied to ascertain the nature 
of the modes ( Fig. 12 ). Globally, two classes of modes are distin- 
guished. First, the supply tube mode frequencies change when the 
length of the supply tube is changed, showing that these are clas- 
sical cavity modes. This is corroborated by the fact that the supply 
tube modes do not change in frequency when the time delay is 
modified. Hence, no time delay dependance for supply tube modes 
is plotted in Fig. 12 . 

The unstable mode at f ITA = 131 Hz shifts slightly its frequency 
when the length of the combustion chamber is changed, whereas 
it remains constant in frequency when the supply tube length is 
changed. Again, no arrows are plotted for changes in the supply 
tube lengths for f ITA . The f ITA mode features large shifts in fre- 
quency when the flame time delay τ F is changed, which con- 
firms its ITA nature. Note that the frequency of the second ITA 
mode f ITA 2 features similar characteristics as the first ITA mode. 
The parametric study in Fig. 12 indicates that the ITA modes are 
sensitive to changes in the time delay which are directly linked to 
ITA frequencies. This observation is in agreement with ITA theory 
[14,15,41,42] . 

4.2. Trajectories of pure acoustic and pure ITA modes to the fully 
coupled system 

Emmert et al. [43] introduced a concept to decouple the full 
system modes which appear when an acoustic model is evaluated 
with a flame model. The decoupling allows to distinguish pure cav- 
ity modes from pure ITA modes which are found in fully non- 
reflecting conditions [13–15] . It also allows tracking the evolution 
of the different mode types in the fully coupled system. To do so, 
a coupling parameter µ is introduced which when varied from 0 
to 1 links the pure acoustic and pure ITA modes to the modes of 
the full system. 

To further support the results of Section 4.1 , the same analysis 
as in Emmert et al. [43] is performed for the present configuration. 
Figure 13 shows that pure acoustic and pure ITA modes can be 
clearly distinguished for a fully decoupled system. As the coupling 
parameter is increased, the coupling is increased and for µ = 1 the 
fully coupled system is obtained. While the acoustic modes (which 
were identified as supply tube modes in Section 3.3 ) only very 
slightly change frequency and growth rates, large changes in the 
growth rates are observed for the ITA modes when coupled to the 
full system. Another interesting observation is that the first acous- 
tic and the first ITA mode move towards each other so that the 
frequencies for the fully coupled system are closer than for the 
decoupled acoustic and ITA modes. 

Eckstein et al., JPP, GTP, 2006
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ITA modes seem to „interplay” with acoustic modes and change identity
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Phasor analysis reveals the nature (ITA/acoustic)  of  
marginally stable modes in an ideal resonator
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Animations help to interpret phasor diagrams of cavity and ITA modes
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Cavity modes sloshes back and forth across the heat source

ITA modes are 1D push-pull modes

Yong et al., CNF, 2022 (?)
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With variation of flame parameters   
ITA modes and cavity modes interact at exceptional points

9, τ
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127G.A. Mensah et al. / Journal of Sound and Vibration 433 (2018) 124–128

Fig. 1. Left: eigenvalue trajectories when n is varied from 0 to 3 times its exceptional value (mode #1.a in Table 1). Blue lines are for ! < !EP while orange lines are

for ! > !EP. ! varies equidistantly between !EP ± 0.2 2"
real(#EP )

. The darker the shading, the closer the values are to the exceptional point. The black lines represent the

trajectories for ! = !EP; their intersection corresponds to the EP. The colored arrows indicate the direction of increasing n. The thin grey lines highlight solutions for

constant n. The markers on the black line depict values of n ranging equidistantly from 0 to 2nEP. Only solutions inside the circle are shown. Right: the eigenvectors

corresponding to the markers on the exceptional trajectories. Acoustic branch in green, intrinsic thermoacoustic branch in yellow, exceptional branch I in red, exceptional

branch II in purple, EP in black. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)

4. Discussion

Exceptional points in the spectrum of a prototypical thermoacoustic system are found and investigated for the first time, to
the best of the authors’ knowledge. In contrast to semi-simple degenerate eigenvalues, which are found in the thermoacoustic
analysis of annular combustors and have finite sensitivity, EPs do not stem from a geometric symmetry of the system. These
points are branch-point singularities in the parameter space. They have fundamental and practical implications for thermoa-
coustic stability.

• Physics: Exceptional points occur when two eigenvalue trajectories with different physical nature collide. One trajectory
originates from an acoustic mode, and the other trajectory originates from an intrinsic thermoacoustic mode.

• Numerical methods: Iterative methods based on fixed point algorithms, which are commonly used in thermoacoustic sta-
bility analysis, do not seem to be robust in the vicinity of exceptional points. A contour-integration-based approach [7]
facilitates robust computations of the thermoacoustic spectrum.

• Modeling and control: The large sensitivity at an EP may help design new control schemes to mitigate thermoacoustic insta-
bilities with small changes in the design variables. The appropriate expansion at the EP, which can be used to calculate sen-
sitivities to the system’s parameters for passive control, is in fractional powers of the parameters. Robust control schemes
will be necessary around exceptional points because small uncertainties in the parameters are exceedingly amplified.

Future research will be aimed at establishing the universality of EPs in thermoacoustic systems, investigate the role of EPs in
systems with discrete rotational symmetry, and exploit the properties of EPs, e.g. the large sensitivity to parameters, for control
of instabilities.
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The annular MICCA combustor exhibits acustic and clusters of ITA modes
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Fig. 5. Intrinsic and acoustic modes in the spectrum of the MICCA combustor below 1700 Hz. There are three types of acoustic modes: axial (white squares), azimuthal 
plenum-dominant (circles) and azimuthal CC-dominant (diamonds). Three clusters of intrinsic CC-dominant modes are observed: 1, 2 and 3 ( ! , ! and " ). The color of the 
modes corresponds to the respective azimuthal mode order, starting with m = 0 (white, axial mode) then m = 1 (yellow) and up to m = 8 (darkest purple). The dash-dotted 
boxes mark the windows in the complex plane which are shown enlarged as insets. The paths of the intrinsic modes as functions of n are not depicted here but in Fig. 6 . 
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
4.2. Nonlinear eigenvalue problem 

The terms in Eq. (4) , closed with Eq. (7) are discretized using 
linear finite elements in the solver PyHoltz [37] , to yield a matrix- 
valued equation: 
Kp + ωCp + ω 2 Mp + ne −iωτ Qp = 0 , (22) 

K , C , M , Q ∈ C d×d , p ∈ C d×1 . 
Matrices K and M are the stiffness and mass matrices, respec- 
tively, while C is related to the boundary impedance Z (here Z = 0 
for the pressure node at the outlet; rigid walls enter the FEM 
formulation as natural boundary conditions) and Q is associated 
with the acoustically active flame. The complex-valued matrices 
have dimension d , the number of nodes in the mesh. Equation 
(22) contains the parameters, boundary conditions and flame re- 
sponse, which were listed in the previous section for the MICCA 
combustor. 

The purely acoustic modes (or passive modes) are computed as 
solutions to Eq. (22) when n = 0 , but there is still an increase in 
the mean temperature across the location of the flame. For the 
MICCA combustor, these modes are listed in Table 1 . Solutions with 
n > 0 are referred to as active modes. 

Equation (22) constitutes a nonlinear eigenvalue problem 
(NLEVP), which is commonly written as: 
L ( ω ) p = 0 . (23) 
The solutions are the eigenpairs ( ω, p ); at the eigenvalues ω , L ( ω ) 
is not invertible. The set of all eigenvalues of L is referred to as the 
spectrum. Properties of and solution strategies for general NLEVPs 
arising in disciplines outside of thermoacoustics are reviewed in 
[38] and [39] . 

In the following, L ( ω) is also considered as a function of the 
parameter n , hence written as L ( ω; n ) p = 0 . Since L ( ω; n ) depends 
continuously on n , see Eq. (22) , the eigenvalues are also contin- 
uous functions of n , see [40] . This property facilitates a nearest- 
neighbour continuation of the eigenvalues as functions of n and a 
definition of the origin of a mode as acoustic or intrinsic, depend- 

ing on whether the mode trajectory parameterized in n tends to 
an acoustic or and intrinsic mode when n → 0. 
5. Results and discussion 

The MICCA combustor exhibits 9 distinct acoustic resonance 
frequencies below 1700 Hz, see Table 1 . Since the boundary condi- 
tions are ideal (fully reflective) and no damping is included, for 
n = 0 L ( ω) is self-adjoint, and all passive modes are purely real- 
valued. The ninth mode exhibits a minor radial variation (not 
shown) but is still of radial order zero. In addition, the first three 
azimuthal cut-off frequencies f c m in the combustion chamber are 
given according to the analytic expression in [14] for an annular 
geometry. 
5.1. The complete spectrum below 1700 Hz 

Figure 5 shows the spectrum below 1700 Hz, and Table 2 con- 
tains the full list of active modes. The active flame effect ( n > 0) 
induces a shift in frequency and causes amplification/attenuation 
of the passive modes. Consequently, the eigenvalues depart from 
the real axis and enter the complex plane as active modes. This 
behavior is tracked by gradually increasing n ∈ [0, 0.9] with a 
nearest-neighbour (NN) continuation and shows which modes are 
of acoustic origin for the final value n = 0 . 9 . The stable and unsta- 
ble half-planes are considered in the range Im (ω/ 2 π ) = ±240 s −1 . 
No modes immediately outside this range of growth/attenuation 
rates were observed. The numerical methods and employed pa- 
rameters are detailed in Appendix A . 

In total, 34 distinct modes (not counting multiplicity) are com- 
puted – a significantly higher mode density than previously re- 
ported in similar studies. Via NN-continuation, modes of acoustic 
origin are identified. In addition, a complementary set of intrin- 
sic modes is observed. Azimuthal mode orders are counted from 
m = 0 to m = 8 in order to group the intrinsic modes into three 
clusters. As an additional criterion for grouping the modes, the in- 
teraction index n is decreased towards zero, and it is determined 
whether all modes originate from the same region in the stable 
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ITA feedback is important  for instability / noise of open flames: 
Plate 4 has high viscous losses; unstable only at ITA frequency ~ 500 Hz

Technische Universität München

3

Obviously, lock-on is not the only possibility

N. Noiray (2007)
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Dowling and Stow (JPP, 2003) observed in a low-order model of a gas turbine 
modes „associated with flame model”
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DOWLING AND STOW 761

Table 1 Geometry and èow conditions for simple
combustor (based on an atmospheric test rig)

Description Value

Choked inlet, mass èow rate 0.05 kgs¡1

Choked inlet, temperature 300 K
Plenum, cross-sectional area 0.0129 m2

Plenum, length 1.7 m
Premixer, cross-sectional area 0.00142 m2

Fuel injection point, fuel convection time 0.006 s
Premixer, length 0.0345 m
Combustor, cross-sectional area 0.00385 m2

Flame zone, temperature after combustion 2,000 K
Combustor, length 1.0 m
Open outlet, pressure 101,000 Pa

An area decrease can be assumed to be isentropic. This together
with conversationof mass and energy gives

A2Ω2u2 D A1Ω1u1 (72a)

H2 D H1 (72b)

p2

¯
Ω

°

2 D p1

¯
Ω

°

1 (72c)

For no mean èow, the jump conditions at any area change simplify
to

[p]2
1 D [Au]2

1 D 0 (73)

The èame is also treatedas compact,and soEq. (10)appliesacross
it. However this approach needs a èame model relating the instan-
taneous rate of heat release to the oncoming èow. Flame models
are discussed by Lieuwen,4 but here we note that they can be de-
termined either by analyticaldescriptionsof the èame dynamics9;37

or through numerical34 or experimental investigations38¡40 of the
unsteady combustion response to inlet èow disturbances. Mea-
surements carried out at low and high pressure have remark-
ably similar forms40 but different amplitudes, supporting the idea
that the èame transfer function can be investigated by suitably
scaled experiments or through local computational èuid dynamics
solutions.

Linear Waves in the Combustor
Once the èuxes of mass, momentum, and energyare known in the

combustor just downstreamof the zoneof combustion,the strengths
of the linear waves can be calculated. Equations (7c), (7d), and
(9) describe how those wave develop along the combustor, thus,
determining the èow at exit. For a generalvalueof frequency!, this
will not satisfy the downstream boundary condition. The resonant
frequencies are the values of ! at which the downstream boundary
condition is satiséed.

Example 5. We now consider an example of a complete sys-
tem, consisting of a plenum, premix system, and combustor, sim-
ilar to that shown in Fig. 11 except that the combustor has an
open end. Details of the geometry are given in Table 1. A simple
èame model,

OQ= NQ D ¡k. Omi = Nmi / exp.¡i!¿/ (74)

is used at the start of the combustor, where mi is the air mass èow
at the fuel injection point (taken to be at the start of premixer). The
circles in Fig. 13 denote the resonant modes of the geometry for
k D 0. Several modes are seen, all of which are stable as we would
expect because there is no unsteady heat release. The premix duct
provides sufécient blockage that it acts approximately like a hard
end (u 0 D 0, maximum pressure amplitude) to disturbances in the
plenum. This means that there is a family of resonant frequencies
consistingof resonancesof the plenum. In Fig. 13, these are seen at
110, 203, 289, 416, and 511 Hz, the érst being the fundamentalhalf-
wavemodeand theothersbeingits harmonics.The modeat337Hz is
the érst of a family of combustormodes.Taking the front face of the
combustor to be a close end gives only a very crude approximation
because the discrepancy in area between combustor and premixer

Fig. 13 Resonant modes of simple combustor: ££, modes for
k = 1; s, k = 0, that is, no unsteady heat release; and ——, variation
between these two values.

is not as large as for the plenum. The mode is somewhere between
a quarter-wave and a half-wave resonance of the combustor. (Its
modeshape is very similar to that in Fig. 14f.) The low-frequency
modeat 30 Hz is a resonanceof the geometryas a whole, speciécally
a quarter-wave.

We now introduce unsteady heat release by setting k to be unity.
The resulting modes are denoted by crosses in Fig. 13. (The lines
show the variation for k between 0 and 1.) The unsteady heat re-
lease has little effect on some modes, but generally the growth rates
are increased, pushing the modes into instability. In additional to
the original modes, there is a new set of modes associated with
èame model. These are closely related to the additional modes
for nonzero ¿ found in example 1: Their frequencies are approx-
imately 1=¿ , 2=¿ , and 3=¿ , and their growth rates become large and
negative as k tends to zero. The modeshapes for k D 1 are shown
in Fig. 14.

Annular Combustors
We now consideran annulargas turbinefor which the plenumand

combustor have a narrow annular gap cross section, as discussed
earlier. Hence, we take the perturbationshave the form of a circum-
ferential mode. Wave propagation in the plenum and combustor is
given by Eqs. (7c), (7d), and (9) as before. (See also the section on
modal solutions.)When joining annular ducts of different inner and
outer radii,consideringconservationlaws in a thin sectorof the tran-
sition leads to the same èux relationships as for plane waves, with
the additionthat theangular-momentumèux is unchanged.10 Hence,
if the premix region also had an annular geometry, the perturbations
for a circumferentialmode canbe foundin much the sameway as de-
scribed for plane waves. Typically,however, the premix region con-
sists of a large number of identical premix ducts evenly distributed
around the circumference. Hence, there is a loss of axisymmetry,
and we might expect that this would interact with the circumferen-
tial wave in the plenum to produce circumferential waves of other
orders, that is, modal coupling would occur. In fact any additional
modes will be high order. (See the following section on modal cou-
pling.) Thus, it is valid to consider a single circumferentialwave of
a selectedorder in the plenum.The premix ductswill usuallyalso be
annular; however, they will have a much smaller cross section than
the plenum and combustor and so, for frequencies of interest, the
perturbationsin them will be one dimensional.The circumferential
wave in the plenum produces identical perturbations in the ducts,
except that each is phase shifted. The equations relating the pertur-
bationsin the plenumto thosein the premix ductsare similar to those
for a simple area decrease,with adjustments due to the change from
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a) 30-Hz mode b) 104-Hz mode

c) 168-Hz mode d) 203-Hz mode

e) 300-Hz mode f) 312-Hz mode

g) 396-Hz mode h) 415-Hz mode

i) 495-Hz mode j) 514-Hz mode

Fig. 14 Modeshapes for simple combustor, k = 1.

a circumferential disturbance to a set of one-dimensionalperturba-
tions. The propagationof these one-dimensionaldisturbancesalong
the premix ducts can be found as before. At the inlet to the combus-
tor, the ring of phase-shifted one-dimensional disturbances creates
a circumferential wave of identical order to that in the plenum.
The resonantmodes for circumferentialwaves of this selectedorder
can then be found by investigating the propagation of this circum-
ferential mode through the combustor and determining the reso-
nant frequencies at which the downstream boundary condition is
satiséed.

Modal Coupling
In uniformcylindricaland annular ducts, the solutions in Eq. (59)

fordifferentvaluesofn andm are independentandcanbe considered
separately.However, nonuniformitiescan lead to a couplingof these
modes. For instance, if the duct has an area change, but remains
axisymmetric, the circumferentialmodes, that is, differentvalues of
n, are still independentbut the radial modes, that is, differentvalues
of m , become coupled. Consider, for example, a circular duct that
has an abrupt area increase at x D 0. We denote conditions in x < 0
by superscript .1/ and in x > 0 by superscript .2/. The duct is then
r · b.1/ for x < 0 and r · b.2/ for x > 0, with b.2/ > b.1/ . For the
case of no mean èow, only acoustic waves are present, and so from

a) Pressure magnitude b) Axial velocity magnitude

Fig. 15 Radial variationfor n = 0 and M = 5: ——, x = 0+; – – –, x = 0¡;
– –, r = b(1) .

Eq. (59) for a given n we may write for x < 0

p
0
D exp.i!t C inµ /

1X

m D 1

£
A

C.1/
n;m exp.ikC

n;m x/

C A
¡.1/
n;m exp.ik¡

n;m x/
¤
Bn;m .r/ (75a)

and for x > 0

p
0
D exp.i!t C inµ /

1X

m D 1

£
A

C.2/
n;m exp.ikC

n;m x/

C A
¡.2/
n;m exp.ik¡

n;m x/
¤
Bn;m .r/ (75b)

with similar expressions for the other èow variables. Miles41 and
Alfredson42 considered this problem for plane waves; however, the
extension to n 6D 0 is straightforward (as is the extension to annular
ducts).At x D 0, we must havecontinuityof p0 and u0 for 0 · r · b.1/

(continuity of Ω 0, v 0, and w0 follow from continuity of p
0), and on

the rigid wall b.1/ · r · b.2/, we require u0 D 0. This leads to a linear
system of equations relating A

§.1/
n;m and A

§.2/
n;m . The amplitudes for

one value of m are found to depend on those for all other values
of m, meaning that the radial modes are coupled. In Eq. (75) we
included all of the radial modes; however in practice for m sufé-
ciently large the waves will be highly cutoff and so can be ignored.
Hence, we can approximate using a énite number of radial modes,
for example, 0 < m < M . Some example results for n D 0 modes
in a duct in which the area doubles are shown in Fig. 15. The ra-
dial variations of the magnitudes of the pressure and axial velocity
on either side of the area change are shown, the solid and dashed
lines denoting the values in the larger and smaller area regions,
respectively. These results are for M D 5; as more radial modes
are included, the matching becomes better and the solutions more
accurate.

A similar approach was used by Akamatsu and Dowling43 to
consider three-dimensional combustion instabilities in a cylindri-
cal combustor with a ring of premix ducts. Oscillations in the pre-
mix ducts were assumed to be one dimensional, and these were
treated as point sources when joining to the combustion chamber.
The loss of radial symmetry here lead to a coupling of the radial
modes in the combustor. Perhaps surprisingly, because the premix-
ers were identical and evenly distributed circumferentially, the cir-
cumferential modes remained uncoupled. Similarly, Evesque and
Polifke44 found that circumferential modes became coupled only
when their premix ducts were nonidentical. In fact, it can be shown
that a ring of identical premix ducts does not introduce coupling of
circumferential modes provided that N is less than half the num-
ber of ducts. In other words, any coupling occurs in high-order
modes that decay rapidly with axial distanceand are not of practical
interest.

Coupling of circumferential modes in a narrow annular gap
has been considered by Stow and Dowling.45 The presence of
Helmholtz resonators in the geometry destroys the axisymmetry
causing modal coupling. We now describe their method of solu-
tion because the approach should be generally applicable to énding
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i) 495-Hz mode j) 514-Hz mode

Fig. 14 Modeshapes for simple combustor, k = 1.

a circumferential disturbance to a set of one-dimensionalperturba-
tions. The propagationof these one-dimensionaldisturbancesalong
the premix ducts can be found as before. At the inlet to the combus-
tor, the ring of phase-shifted one-dimensional disturbances creates
a circumferential wave of identical order to that in the plenum.
The resonantmodes for circumferentialwaves of this selectedorder
can then be found by investigating the propagation of this circum-
ferential mode through the combustor and determining the reso-
nant frequencies at which the downstream boundary condition is
satiséed.

Modal Coupling
In uniformcylindricaland annular ducts, the solutions in Eq. (59)

fordifferentvaluesofn andm are independentandcanbe considered
separately.However, nonuniformitiescan lead to a couplingof these
modes. For instance, if the duct has an area change, but remains
axisymmetric, the circumferentialmodes, that is, differentvalues of
n, are still independentbut the radial modes, that is, differentvalues
of m , become coupled. Consider, for example, a circular duct that
has an abrupt area increase at x D 0. We denote conditions in x < 0
by superscript .1/ and in x > 0 by superscript .2/. The duct is then
r · b.1/ for x < 0 and r · b.2/ for x > 0, with b.2/ > b.1/ . For the
case of no mean èow, only acoustic waves are present, and so from

a) Pressure magnitude b) Axial velocity magnitude

Fig. 15 Radial variationfor n = 0 and M = 5: ——, x = 0+; – – –, x = 0¡;
– –, r = b(1) .

Eq. (59) for a given n we may write for x < 0

p
0
D exp.i!t C inµ /

1X

m D 1

£
A

C.1/
n;m exp.ikC

n;m x/

C A
¡.1/
n;m exp.ik¡

n;m x/
¤
Bn;m .r/ (75a)

and for x > 0

p
0
D exp.i!t C inµ /

1X

m D 1

£
A

C.2/
n;m exp.ikC

n;m x/

C A
¡.2/
n;m exp.ik¡

n;m x/
¤
Bn;m .r/ (75b)

with similar expressions for the other èow variables. Miles41 and
Alfredson42 considered this problem for plane waves; however, the
extension to n 6D 0 is straightforward (as is the extension to annular
ducts).At x D 0, we must havecontinuityof p0 and u0 for 0 · r · b.1/

(continuity of Ω 0, v 0, and w0 follow from continuity of p
0), and on

the rigid wall b.1/ · r · b.2/, we require u0 D 0. This leads to a linear
system of equations relating A

§.1/
n;m and A

§.2/
n;m . The amplitudes for

one value of m are found to depend on those for all other values
of m, meaning that the radial modes are coupled. In Eq. (75) we
included all of the radial modes; however in practice for m sufé-
ciently large the waves will be highly cutoff and so can be ignored.
Hence, we can approximate using a énite number of radial modes,
for example, 0 < m < M . Some example results for n D 0 modes
in a duct in which the area doubles are shown in Fig. 15. The ra-
dial variations of the magnitudes of the pressure and axial velocity
on either side of the area change are shown, the solid and dashed
lines denoting the values in the larger and smaller area regions,
respectively. These results are for M D 5; as more radial modes
are included, the matching becomes better and the solutions more
accurate.

A similar approach was used by Akamatsu and Dowling43 to
consider three-dimensional combustion instabilities in a cylindri-
cal combustor with a ring of premix ducts. Oscillations in the pre-
mix ducts were assumed to be one dimensional, and these were
treated as point sources when joining to the combustion chamber.
The loss of radial symmetry here lead to a coupling of the radial
modes in the combustor. Perhaps surprisingly, because the premix-
ers were identical and evenly distributed circumferentially, the cir-
cumferential modes remained uncoupled. Similarly, Evesque and
Polifke44 found that circumferential modes became coupled only
when their premix ducts were nonidentical. In fact, it can be shown
that a ring of identical premix ducts does not introduce coupling of
circumferential modes provided that N is less than half the num-
ber of ducts. In other words, any coupling occurs in high-order
modes that decay rapidly with axial distanceand are not of practical
interest.

Coupling of circumferential modes in a narrow annular gap
has been considered by Stow and Dowling.45 The presence of
Helmholtz resonators in the geometry destroys the axisymmetry
causing modal coupling. We now describe their method of solu-
tion because the approach should be generally applicable to énding
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1/4 wave @ 30 Hz

ITA mode @ 168 Hz
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