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The heat release rate: what does it depend on ?

About the zero frequency limit

How do we obtain the flame response?

- Experiments
- CFD + SI
- Analytical modeling

Some words about the nonlinear flame response

Some few words about LRF and LNSE

Outline
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The LRF equations do not need an external model for the heat release rate
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�
=

@

@xj

✓
D̄k

@Y 0
k

@xj
+D0

k
@Ȳk
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⇢̄ūiu

0
j + ⇢̄u0
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This equations are known as the Linearized Reactive Flow (LRF) equations
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LRF delivers a local flame response

local flame response

input
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LRF is capable of capturing both the flame response and entropy response of a 
laminar flame.

Meindl et al  2021

duct flame 
(fully premixed)
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LRF is capable of capturing both the flame response and entropy response of a 
laminar flame.

Meindl et al  2021

duct flame 
(fully premixed)
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LNSE requires a flame response model (from experiments or CFD)
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LNSE requires a flame response model (from experiments or CFD)

global flame responselocal flame response
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input
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The global flame response is used most of the time 

global flame responselocal flame response
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input

<latexit sha1_base64="NM+LfEvcFYlLzTFaoLaV4YoiV8A="></latexit>

q̇01

<latexit sha1_base64="0/ts7PmQVpZ7UXnM6tvaUjYrQH8="></latexit>

q̇02

<latexit sha1_base64="kSwreIswC2ZZiLlJtqY3rK8nRVY="></latexit>

q̇0k

<latexit sha1_base64="obHFXxgfJM7/Jdj1HybSg/hStfU="></latexit>

q̇0n

<latexit sha1_base64="B+MJsN115gpGvIDuSJZnMOkG+Q8="></latexit>

Q̇0

<latexit sha1_base64="Jc7NznGqYJPcVSEoNsUV5+TMoLw="></latexit>

Q̇ =

Z
q̇ dV



10

duct flame 
(fully premixed)

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB

Spurious entropy production is generated if LNSE is used together with a global 
flame response

Meindl et al  2021
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All remaining approaches require a so-called ‘acoustic flame response’ model. 
The global flame response does it well if entropy fluctuations are not of interest

T̄


@

@t
(⇢̄s0 + ⇢0s̄) +

@

@xj

�
⇢̄ūjs
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In this lecture we do not consider entropy in the analysis. 

Consequently, the global flame response is just fine
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The heat release rate: what does it depend on ?

About the zero frequency limit

How do we obtain the flame response?

- Experiments
- CFD + SI
- Analytical modeling

Some words about the nonlinear flame response

Some few words about LRF and LNSE

Outline
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What is       function of?
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What do we know?
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The global heat release rate        is the sum of local values of 
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unburned gas density

turbulent burning velocity

heat of reaction per unit 
mass of premixture

flame surface area
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unburned gas density

turbulent burning 
velocity

heat of reaction per unit 
mass of premixture

flame surface area
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unburned gas density

turbulent burning 
velocity

heat of reaction per unit 
mass of premixture

flame surface area
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unburned gas density

turbulent burning 
velocity

heat of reaction per unit 
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unburned gas density

turbulent burning 
velocity

heat of reaction per unit 
mass of premixture

flame surface area
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unburned gas density

turbulent burning 
velocity

heat of reaction per unit 
mass of premixture

flame surface area
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unburned gas density

turbulent burning 
velocity

heat of reaction per unit 
mass of premixture

flame surface area
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unburned gas density
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heat of reaction per unit 
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unburned gas density
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heat of reaction per unit 
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unburned gas density

turbulent burning 
velocity

heat of reaction per unit 
mass of premixture

flame surface area
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unburned gas density

turbulent burning 
velocity

heat of reaction per unit 
mass of premixture

flame surface area
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unburned gas density
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Let us analyze first the quasi-steady case
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velocity of premixture
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<latexit sha1_base64="W2d7H4NDHTS8ivzbFe5TUAbznfE="></latexit>

Q̇ = ⇢uSA�h

<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

Let us assume we impose a change of velocity …
and wait for the flame to stabilize 

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇ ? recall that the flame is 
fully premixed

velocity of premixture
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<latexit sha1_base64="W2d7H4NDHTS8ivzbFe5TUAbznfE="></latexit>

Q̇ = ⇢uSA�h

<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇

<latexit sha1_base64="n6npDiYnjvmQjf20QRQazhzrttM="></latexit>

Q̇+ �Q̇

<latexit sha1_base64="i3AzNSN4THJRWIAN5ALLLl0p4rQ="></latexit>

(A+ �A)
<latexit sha1_base64="j+544JOyAhgOihk+Iln/5vA7GkI="></latexit>

(Q̇+ �Q̇)

<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>= <latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)
<latexit sha1_base64="YY9lL4GD2CAyNT0FF9+9zsc0Xsc="></latexit>

�Q̇

Q̇
=

�uB

uB

Let us assume we impose a change of velocity …
and wait for the flame to stabilize 

<latexit sha1_base64="wHJ9pwTS7FeNo+UEAzG6w8ce0to="></latexit>

⇢uS(A+ �A)�h

Once the transient goes away,                  is equal to  
<latexit sha1_base64="yr9kQc6GUM0HfG5NrQb0WbMmwsM="></latexit>

�Q̇/Q̇
<latexit sha1_base64="Ik5fHLPxkSf5QFc/2lMhxzolc+E="></latexit>

�uB/uB

velocity of premixture
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<latexit sha1_base64="W2d7H4NDHTS8ivzbFe5TUAbznfE="></latexit>

Q̇ = ⇢uSA�h

<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇

<latexit sha1_base64="n6npDiYnjvmQjf20QRQazhzrttM="></latexit>

Q̇+ �Q̇

<latexit sha1_base64="i3AzNSN4THJRWIAN5ALLLl0p4rQ="></latexit>

(A+ �A)
<latexit sha1_base64="j+544JOyAhgOihk+Iln/5vA7GkI="></latexit>

(Q̇+ �Q̇)

<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>= <latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)
<latexit sha1_base64="YY9lL4GD2CAyNT0FF9+9zsc0Xsc="></latexit>

�Q̇

Q̇
=

�uB

uB

Let us assume we impose a change of velocity …
and wait for the flame to stabilize 

<latexit sha1_base64="wHJ9pwTS7FeNo+UEAzG6w8ce0to="></latexit>

⇢uS(A+ �A)�h

Once the transient goes away,                  is equal to  
<latexit sha1_base64="yr9kQc6GUM0HfG5NrQb0WbMmwsM="></latexit>

�Q̇/Q̇
<latexit sha1_base64="Ik5fHLPxkSf5QFc/2lMhxzolc+E="></latexit>

�uB/uB

velocity of premixture

<latexit sha1_base64="s7CNOMwpztoo30H6LED5cIFsfsE="></latexit>

�A

A
=

�uB

uB

because



33

<latexit sha1_base64="YY9lL4GD2CAyNT0FF9+9zsc0Xsc="></latexit>

�Q̇

Q̇
=

�uB

uB

Once the transient goes away,                  is equal to  
<latexit sha1_base64="yr9kQc6GUM0HfG5NrQb0WbMmwsM="></latexit>

�Q̇/Q̇
<latexit sha1_base64="Ik5fHLPxkSf5QFc/2lMhxzolc+E="></latexit>

�uB/uB

quasi-steady solution

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>) for a premixed flame
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<latexit sha1_base64="W2d7H4NDHTS8ivzbFe5TUAbznfE="></latexit>

Q̇ = ⇢uSA�h

<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uBLet us assume we impose a change of velocity …
and wait for the flame to stabilize 

velocity of air

air
fuel mixture
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<latexit sha1_base64="W2d7H4NDHTS8ivzbFe5TUAbznfE="></latexit>

Q̇ = ⇢uSA�h

<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uBLet us assume we impose a change of velocity …
and wait for the flame to stabilize 

velocity of air

air
fuel mixture

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇ ?

<latexit sha1_base64="n6npDiYnjvmQjf20QRQazhzrttM="></latexit>

Q̇+ �Q̇ <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=
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<latexit sha1_base64="W2d7H4NDHTS8ivzbFe5TUAbznfE="></latexit>

Q̇ = ⇢uSA�h

<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uBLet us assume we impose a change of velocity …
and wait for the flame to stabilize 

velocity of air

air
fuel mixture

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇ ?

<latexit sha1_base64="n6npDiYnjvmQjf20QRQazhzrttM="></latexit>

Q̇+ �Q̇ <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>= not straight forward …
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<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uBLet us assume we impose a change of velocity …
and wait for the flame to stabilize 

air
fuel mixture

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇ ?

<latexit sha1_base64="jwxDhV+u9JqdezYIdpoxOQaVDHI="></latexit>

Q̇ = ⇢uSA�h = ṁF�H

heat of reaction of fuel 
per unit mass

fuel mass flow

velocity of air

<latexit sha1_base64="n6npDiYnjvmQjf20QRQazhzrttM="></latexit>

Q̇+ �Q̇ <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=
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<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uBLet us assume we impose a change of velocity …
and wait for the flame to stabilize 

air
fuel mixture

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇ ?

<latexit sha1_base64="jwxDhV+u9JqdezYIdpoxOQaVDHI="></latexit>

Q̇ = ⇢uSA�h = ṁF�H

fuel mass flow

velocity of air

<latexit sha1_base64="n6npDiYnjvmQjf20QRQazhzrttM="></latexit>

Q̇+ �Q̇
<latexit sha1_base64="PV58Vya/I8779JvKVsLkAsKqsnc="></latexit>

(ṁF + �ṁF )(�H + ��H)
<latexit sha1_base64="QptwT0GM2NCRp+NdQPtaF19IrLo="></latexit>)

<latexit sha1_base64="gGAAIC0g3aBTFoZJhH2LlTwRWZk="></latexit>

�Q̇

Q̇
=

�ṁF

ṁF
+

��H

�H

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

heat of reaction of fuel 
per unit mass
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<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uBLet us assume we impose a change of velocity …
and wait for the flame to stabilize 

air
fuel mixture

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇ ?

<latexit sha1_base64="jwxDhV+u9JqdezYIdpoxOQaVDHI="></latexit>

Q̇ = ⇢uSA�h = ṁF�H

fuel mass flow

velocity of air

<latexit sha1_base64="n6npDiYnjvmQjf20QRQazhzrttM="></latexit>

Q̇+ �Q̇
<latexit sha1_base64="PV58Vya/I8779JvKVsLkAsKqsnc="></latexit>

(ṁF + �ṁF )(�H + ��H)
<latexit sha1_base64="QptwT0GM2NCRp+NdQPtaF19IrLo="></latexit>)

<latexit sha1_base64="gGAAIC0g3aBTFoZJhH2LlTwRWZk="></latexit>

�Q̇

Q̇
=

�ṁF

ṁF
+

��H

�H

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="RFE1UVM91yMoSnn6LHnmHBqgHj8="></latexit>

0

the fuel composition 
remains the same 

heat of reaction of fuel 
per unit mass



40

<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uBLet us assume we impose a change of velocity …
and wait for the flame to stabilize 

air
fuel mixture

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇ ?

<latexit sha1_base64="jwxDhV+u9JqdezYIdpoxOQaVDHI="></latexit>

Q̇ = ⇢uSA�h = ṁF�H

fuel mass flow

velocity of air

stiff injector

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="n6npDiYnjvmQjf20QRQazhzrttM="></latexit>

Q̇+ �Q̇
<latexit sha1_base64="QptwT0GM2NCRp+NdQPtaF19IrLo="></latexit>)

<latexit sha1_base64="gGAAIC0g3aBTFoZJhH2LlTwRWZk="></latexit>

�Q̇

Q̇
=

�ṁF

ṁF
+

��H

�H

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="RFE1UVM91yMoSnn6LHnmHBqgHj8="></latexit>

0
<latexit sha1_base64="PV58Vya/I8779JvKVsLkAsKqsnc="></latexit>

(ṁF + �ṁF )(�H + ��H)

the fuel composition 
remains the same 

heat of reaction of fuel 
per unit mass
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<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uBLet us assume we impose a change of velocity …
and wait for the flame to stabilize 

air
fuel mixture

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇ ?

<latexit sha1_base64="jwxDhV+u9JqdezYIdpoxOQaVDHI="></latexit>

Q̇ = ⇢uSA�h = ṁF�H

fuel mass flow

velocity of air

stiff injector

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="n6npDiYnjvmQjf20QRQazhzrttM="></latexit>

Q̇+ �Q̇
<latexit sha1_base64="PV58Vya/I8779JvKVsLkAsKqsnc="></latexit>

(ṁF + �ṁF )(�H + ��H)
<latexit sha1_base64="QptwT0GM2NCRp+NdQPtaF19IrLo="></latexit>)

<latexit sha1_base64="gGAAIC0g3aBTFoZJhH2LlTwRWZk="></latexit>

�Q̇

Q̇
=

�ṁF

ṁF
+

��H

�H

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="RFE1UVM91yMoSnn6LHnmHBqgHj8="></latexit>

0

the fuel composition 
remains the same 

<latexit sha1_base64="RFE1UVM91yMoSnn6LHnmHBqgHj8="></latexit>

0

stiff injector

heat of reaction of fuel 
per unit mass
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<latexit sha1_base64="qW7UixNLY7LeNuUEdG39+nfOKLw="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uBLet us assume we impose a change of velocity …
and wait for the flame to stabilize 

air
fuel mixture

<latexit sha1_base64="QC8rlMV3hsDSkoffaLELJACJCMs="></latexit>uB
<latexit sha1_base64="aIe//cZ1OUD7hVbAPKYejAhSGdk="></latexit>

uB + �uB

<latexit sha1_base64="segbeWv0jcTb68f1SfxlVv+gkls="></latexit>

A
<latexit sha1_base64="kDbscNJ0hMtm19GotYiIq25ABDo="></latexit>

Q̇ ?

<latexit sha1_base64="jwxDhV+u9JqdezYIdpoxOQaVDHI="></latexit>

Q̇ = ⇢uSA�h = ṁF�H

fuel mass flow

velocity of air

stiff injector

<latexit sha1_base64="CXHq3urh/9n49Ef6JaTSO3hozHY="></latexit>

�Q̇ = 0

heat of reaction of fuel 
per unit mass
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Once the transient goes away, we have that: 

quasi-steady solution

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>) for a premixed flame

<latexit sha1_base64="6fd+RkIu6/BvFLlefBfc1TP7BcQ="></latexit>

�uB

uB

<latexit sha1_base64="/YqiX4qtquAMPtnjcE2VLFjFt9g="></latexit>

�Q̇

Q̇

<latexit sha1_base64="rPzCj+lqTAi7lX/c84hwhXTeccI="></latexit>

= 1

quasi-steady solution

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>) for a partially premixed flame with stiff injector

<latexit sha1_base64="6fd+RkIu6/BvFLlefBfc1TP7BcQ="></latexit>

�uB

uB

<latexit sha1_base64="/YqiX4qtquAMPtnjcE2VLFjFt9g="></latexit>

�Q̇

Q̇

<latexit sha1_base64="Ssjvh0PUvkuoZ+SBR/bnypENf5k="></latexit>

= 0
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what does it mean?

Is that important?
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The heat release rate: what does it depend on ?

About the zero frequency limit

How do we obtain the flame response?

- Experiments
- CFD + SI
- Analytical modeling

Some words about the nonlinear flame response

Some few words about LRF and LNSE

Outline

<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†
<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†
<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†
<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†

<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†
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The response of a turbulent flame is linked to           and <latexit sha1_base64="4mefT+VIEtXDXnuiwfoqQsJuSA8="></latexit>uB
<latexit sha1_base64="bUBMlr5nOH17IqgiyEyPgCyShGw="></latexit>

�

<latexit sha1_base64="/BxZ5dk1ntraTU+QSCr8/CmfjHE="></latexit>

Q̇0

¯̇Q
= f

✓
u0
B

ūB
,
�0

�̄

◆ harmonic 
decomposition

for partially premixed flames

<latexit sha1_base64="blo0fbRGezm2bo/CMgzmYAZlnWs="></latexit>

ˆ̇Q(!)
¯̇Q

= Fu(!)
ûB(!)

ūB
+ F�(!)

�̂(!)

�̄



47

The response of a turbulent flame is linked to           and <latexit sha1_base64="4mefT+VIEtXDXnuiwfoqQsJuSA8="></latexit>uB
<latexit sha1_base64="bUBMlr5nOH17IqgiyEyPgCyShGw="></latexit>

�

<latexit sha1_base64="/BxZ5dk1ntraTU+QSCr8/CmfjHE="></latexit>

Q̇0

¯̇Q
= f

✓
u0
B

ūB
,
�0

�̄

◆ harmonic 
decomposition

for partially premixed flames

<latexit sha1_base64="blo0fbRGezm2bo/CMgzmYAZlnWs="></latexit>

ˆ̇Q(!)
¯̇Q

= Fu(!)
ûB(!)

ūB
+ F�(!)

�̂(!)

�̄

<latexit sha1_base64="N7FMqBKkxDNxax83oM/S2hVR5ss="></latexit>

�̂

�̄
=

m0
F

m̄F
� m0

a

m̄a



<latexit sha1_base64="/BxZ5dk1ntraTU+QSCr8/CmfjHE="></latexit>

Q̇0

¯̇Q
= f

✓
u0
B

ūB
,
�0

�̄

◆ harmonic 
decomposition

for partially premixed flames

<latexit sha1_base64="blo0fbRGezm2bo/CMgzmYAZlnWs="></latexit>

ˆ̇Q(!)
¯̇Q

= Fu(!)
ûB(!)

ūB
+ F�(!)

�̂(!)

�̄

<latexit sha1_base64="N7FMqBKkxDNxax83oM/S2hVR5ss="></latexit>
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The flame response of a partially premixed flame is zero in the limit of zero 
frequency (with stiff injector)
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for premixed flames
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The flame response of a fully premixed flame is one in the limit of zero frequency
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The quasi-steady solution shows us the limit of zero frequency 
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Let us focus on the flame response of premixed flames 

<latexit sha1_base64="4u4dC72BcafKcyiliVdGiVSAJes="></latexit>

Q̇0
n
¯̇Q

=
1

ūB
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The frequency response is the z transform of the impulse response
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ūB

◆

Assuming that the flame is a linear time invariant system, we model

in time

in frequency

<latexit sha1_base64="iY9p2TtFMCuqHgxkZqQ6twA8V0E="></latexit>

ˆ̇Q
¯̇Q
=

h
G(!)ei'(!)

i

| {z }
F(!)

ûB

ūB
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Example

Impulse response frequency response
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The heat release rate: what does it depend on ?

About the zero frequency limit

How do we obtain the flame response?

- Experiments
- CFD + SI
- Analytical modeling

Some words about the nonlinear flame response

Some few words about LRF and LNSE

Outline
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How to obtain the relation between         and           ? 
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Usually, a harmonic signal is sent and a response is measured

Experimentally

imposed by loudspeakers The intensity of OH* is often used as a 
measure of the heat release
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Experimentally

If                   the chemiluminescence signal is in general not proportional to  

imposed by loudspeakers The intensity of OH* is often used as a 
measure of the heat release
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Brute force numerical simulation is very expensive (and does not always generate 
useful insight)



response to an axial excitation

response to a tangential excitation

The impulse response delivers physical evidence for response mechanisms

The superposition characterizes 
the global flame response



Minima and maxima result from the interference of the superposition

Komarek and Polifke 2010

The superposition characterizes 
the global flame response



Use System Identification (SI) techniques to obtain the impulse response 

Numerical simulations

One simulation suffices!

One carefully designed signal !

By accounting for the transformation
<latexit sha1_base64="jWftyTp7CTd9JM612wrijXOqV9o="></latexit>

F(!) =
LX

k=0

hke
�i!k�t

<latexit sha1_base64="4kc2oeWRGDDoUIXJiafyJuBXAlc=">AAACV3icbVBNS8NAFNzEr1o/q0cvwSJ4KomIehFELx4VrAptkZfNi13c3YTdF7WE/AWv+tf8NbqpFbQ6sDDMvMebnTiXwlIYvnv+zOzc/EJjsbm0vLK6tt7auLZZYTh2eSYzcxuDRSk0dkmQxNvcIKhY4k38cFb7N49orMj0FY1yHCi41yIVHGgsCYV36+2wE44R/CXRhLTZBBd3Le+4n2S8UKiJS7C2F4U5DUowJLjEqtkvLObAH+Aee45qUGgH5ThsFew4JQnSzLinKRirPzdKUNaOVOwmFdDQTnu1+J/XKyg9GpRC5wWh5l+H0kIGlAX1z4NEGOQkR44AN8JlDfgQDHBy/TR3fp4ZonxEqpxoUOMTz5QCnZT9FJSQowRTKCRVZd+m3/z3fl2rndLqwDmp56rpCo+m6/1Lrvc60UFn/3KvfXI6qb7Bttg222URO2Qn7JxdsC7jbMhe2Ct78969D3/eb3yN+t5kZ5P9gt/6BHDAty0=</latexit>

time

<latexit sha1_base64="Cl23lafu3YVkz0D7ghF7srSMo/s="></latexit>

hk Impulse response

frequency response



The quality of SI depends on the quality of input and output signals

Malte Merk | Identification of Combustion Dynamics and Noise of Confined Turbulent Flames, Ph.D. defense, 24.10.2018 

by post-processing the LES broadband data via advanced SI techniques, 
models for the noise source and the flame response are estimated
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ū

input

14 / 19



The quality of SI depends on the quality of input and output signals

Malte Merk | Identification of Combustion Dynamics and Noise of Confined Turbulent Flames, Ph.D. defense, 24.10.2018 

by post-processing the LES broadband data via advanced SI techniques, 
models for the noise source and the flame response are estimated

"̇# t, θ =
∑)*+
,- .)/0)

∑)*+
,1 2)/0)

3#456(8) +
∑)*+
,; <)/0)

∑)*+
,= >)/0)

?(8)

Box-Jenkins model:

"̇# t, θ = G(θ) A 3#456(8) + B(θ) A ?(8)

C(D) B(D)

"̇# t, θ =E
)*+

,-
.)/0) 3#456(8) + ?(8)

Finite Impulse Response model:
"̇′G "̇′H

 

 

 

+

plenum swirler+inj. tube comb. chamber exhaust

Rd

Q's

Q'c Q'sumu'ref

e
H(�)

G(�)

0 0.1 0.2 0.3
�0.4

�0.2

0

0.2

0.4

t [s]

Q̇
0/

¯̇ Q

response

0 0.1 0.2 0.3
�0.4

�0.2

0

0.2

0.4

t [s]

u
0/
ū
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A quick explanation of system identification for FIR: Optimization is just a linear 
regression problem
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Nowadays experiments are still preferred over numerical simulations due to their 
capability of simulating “real-world conditions”

Numerical simulations

Experimentally

One simulation suffices!One carefully designed signal !



76

The heat release rate: what does it depend on ?

About the zero frequency limit

How do we obtain the flame response?

- Experiments
- CFD + SI
- Analytical modeling

Some words about the nonlinear flame response

Some few words about LRF and LNSE

Outline
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The G-equation is a useful model to characterize flame dynamics 
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The flame response is characterized by a convective and a restoration time
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The characteristic impulse response of canonical laminar flames can be obtained

Impulse response

Blumenthal et al. 2013
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By adding some complexity of the model (which requires calibration from 
experiments), it is possible to infer the flame response of a swirled turbulent flame

frequency response
It then accounts also for turbulent velocity effects

Palies et al. 2011
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The model of the flame response can be combined with acoustic models to 
evaluate the linear growth rate
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The model of the flame response can be combined with acoustic models to 
evaluate the linear growth rate
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��
+ T 0 @

@xj
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⇢̄ūiu

0
j + ⇢̄u0
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What about situations when we are not anymore in the linear region?
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The heat release rate: what does it depend on ?

About the zero frequency limit

How do we obtain the flame response?

- Experiments
- CFD + SI
- Analytical modeling

Some words about the nonlinear flame response

Some few words about LRF and LNSE

Outline
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Unstable case
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Combustion instability refers to the concept of linear stability
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Enough of linear stability analysis. Let’s move on !
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Bistable condition

Stable limit cycle Stable limit cycleUnstable limit cycle
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Limit cycle Limit cycle
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Moeck et al. 2008
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Flame

By experiments or numerical simulations

Numerical simulations or
analytical modeling

Eigenvalue problem
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Several computations are necessary. Each computation for each 
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Stable limit cycle
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Stable limit cycle Stable limit cycleUnstable limit cycle
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Laminar flames in simple combustors are “toy” models of real combustion 
chambers. Their understanding is fundamental for combustor’s design.

Laminar Flames
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Noiray et al. 2008

Flame Describing Function
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Noiray et al. 2008
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Noiray et al. 2008

Noiray et al. 2008



Evaluating the linear growth rate is just part of the answer. The whole realm of 
nonlinear dynamics should still be considered for a complete picture 

hysteresisn-period limit cycles nonlinear flame response



Good news: The acoustics model remain the same. The only thing that is required 
is an accurate nonlinear flame response model. 

hysteresisn-period limit cycles nonlinear flame response



Machine Learning approaches may be a suitable way for the evaluation of such 
nonlinear flame response models

Neural networksInputs and Outputs


