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Even if LNSE or the Helmholtz equation are expressed in a state-space 
framework, they remain computationally expensive. 
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Linearized Navier Stokes Equations

Helmholtz Equation
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How to model systems that are complex in frameworks that are easy for 
computation?
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Let us take a look at reduced order models
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Outline

Solving the Helmholtz Equation by modal expansion

And the state space?

About a one mode expansion



The Helmholtz Equation is treated as the reference model to approximate
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Requires a 
flame response

<latexit sha1_base64="OFptesYl4Vp6gOI87/2bCKLkqJA="></latexit>

s2p̂� @

@xi

✓
c̄2

@p̂

@xi

◆

| {z }
Lp̂

= s(� � 1)ˆ̇q

<latexit sha1_base64="cPlz5gWrb2ibg+fI4JnN7PPQfDA="></latexit>

ĥ
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Helmholtz Equation Boundary Conditions
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Helmholtz Equation Boundary Conditions

An auxiliary problem is required for the approximation
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@Ĝ

@xi

!

| {z }
LĜ
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Helmholtz Equation Boundary Conditions

The solution is given in terms of a Green’s function G
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Helmholtz Equation Boundary Conditions

Let us solve the Auxiliary problem !
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In the Helmholtz Equation, the matrix L gathers all the information of the system
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s2Ĝ� @

@xi

 
c̄2

@Ĝ
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s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

We assume that      is a superposition of passive acoustic modes

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�
<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="4Pe1izjEy7QwLLtrGF36K3ZOYvs="></latexit>

L
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G
<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

<latexit sha1_base64="LHZKUH6gz7khPBdBrfPjExUBQZI="></latexit>

G =
NX

k=1

⌘k k =  ⌘

<latexit sha1_base64="OzNrdkhpTOfNeR7VyM1MDlgYlFk="></latexit>

s2Ĝ� @

@xi

 
c̄2

@Ĝ

@xi

!

| {z }
LĜ

= �(x� x0)

<latexit sha1_base64="mu2/bqTOO+mgm6aEfDosuR6ncOk="></latexit>

G
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After discretization of

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="4Pe1izjEy7QwLLtrGF36K3ZOYvs="></latexit>

L

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

We exploit now the orthogonality (orthonormality) of the eigenmodes

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�
<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

<latexit sha1_base64="LHZKUH6gz7khPBdBrfPjExUBQZI="></latexit>

G =
NX

k=1

⌘k k =  ⌘

<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G
<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

<latexit sha1_base64="OzNrdkhpTOfNeR7VyM1MDlgYlFk="></latexit>

s2Ĝ� @

@xi

 
c̄2

@Ĝ

@xi

!

| {z }
LĜ

= �(x� x0)
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After discretization of

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="4Pe1izjEy7QwLLtrGF36K3ZOYvs="></latexit>

L

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

We exploit now the orthogonality (orthonormality) of the eigenmodes

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�
<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘ <latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤

<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G
<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

<latexit sha1_base64="LHZKUH6gz7khPBdBrfPjExUBQZI="></latexit>

G =
NX

k=1

⌘k k =  ⌘

<latexit sha1_base64="OzNrdkhpTOfNeR7VyM1MDlgYlFk="></latexit>

s2Ĝ� @

@xi

 
c̄2

@Ĝ

@xi

!

| {z }
LĜ

= �(x� x0)
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We exploit now the orthogonality (orthonormality) of the eigenmodes

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�
<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘ <latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
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We exploit now the orthogonality (orthonormality) of the eigenmodes

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�
<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘ <latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2
<latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘ <latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
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We exploit now the orthogonality (orthonormality) of the eigenmodes

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�
<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘ <latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
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We exploit now the orthogonality (orthonormality) of the eigenmodes

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�
<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘ <latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="6Wtv5IwRNDxVqVaELyYZ3ZFclBk="></latexit>

I
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2
<latexit sha1_base64="a1F2Rxtlye1BG0/S35XFy4S+qxc="></latexit>

( )�1<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)

<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
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By doing some linear algebra we have solved the Equation!!

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�
<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘ <latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

recall that

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>) <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G
<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="6Wtv5IwRNDxVqVaELyYZ3ZFclBk="></latexit>

I
<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2
<latexit sha1_base64="a1F2Rxtlye1BG0/S35XFy4S+qxc="></latexit>

( )�1

<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="6Wtv5IwRNDxVqVaELyYZ3ZFclBk="></latexit>

I
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2
<latexit sha1_base64="a1F2Rxtlye1BG0/S35XFy4S+qxc="></latexit>

( )�1
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<latexit sha1_base64="p2CR1fDFpB3FRfWaUObrZDo5VCU="></latexit>

s2p̂� @

@xi

✓
c̄2

@p̂

@xi

◆

| {z }
Lp̂

= ĥ

Helmholtz Equation Boundary Conditions

The solution of the Helmholtz equation reads

<latexit sha1_base64="yAHWDPAegfa9dsLCJWNEXK3UXxI="></latexit>

n · @p̂

@xi
= �f̂

Solution <latexit sha1_base64="s7N72rna725h9uenmX8/aoz/JDM="></latexit>

p̂ =

Z

V
GhdV +

Z

@V
GfdS

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="6Wtv5IwRNDxVqVaELyYZ3ZFclBk="></latexit>

I
<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2
<latexit sha1_base64="a1F2Rxtlye1BG0/S35XFy4S+qxc="></latexit>

( )�1

<latexit sha1_base64="mm0GaaUxjSGQHS3amxYdx7sjVrw="></latexit>p
<latexit sha1_base64="Zs77Oa4o3Bk9RPjD1tOdhgzeoM8="></latexit>

h
<latexit sha1_base64="OfCwxCpSLUDMyNOBHUbIIR4hZi8="></latexit>

+

<latexit sha1_base64="e7YZEijhFs6VurcnNca9gVUnRVA="></latexit>

 
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>�

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="6Wtv5IwRNDxVqVaELyYZ3ZFclBk="></latexit>

I
<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2
<latexit sha1_base64="a1F2Rxtlye1BG0/S35XFy4S+qxc="></latexit>

( )�1

<latexit sha1_base64="I2AG9ZGtaNJuVUUj8aqmJ9zezxY="></latexit>

f
<latexit sha1_base64="YIJWK/RGVtNaxJPtkrYGT7JuO6o="></latexit>

[ ]
evaluated at BC
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what about the state space approach?



32

<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†

<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†

<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†

Outline

Solving the Helmholtz Equation by modal expansion

And the state space?

About a one mode expansion
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We can recover a differential equation for 

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

After discretization of

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="4Pe1izjEy7QwLLtrGF36K3ZOYvs="></latexit>

L
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G
<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

<latexit sha1_base64="OzNrdkhpTOfNeR7VyM1MDlgYlFk="></latexit>

s2Ĝ� @

@xi

 
c̄2

@Ĝ

@xi

!

| {z }
LĜ

= �(x� x0)

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)

<latexit sha1_base64="hpeQc9UB91NWT0UZLm4O58CBbAA="></latexit>⌘
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We can recover a differential equation for 

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

After discretization of

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="4Pe1izjEy7QwLLtrGF36K3ZOYvs="></latexit>

L
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G
<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

<latexit sha1_base64="OzNrdkhpTOfNeR7VyM1MDlgYlFk="></latexit>

s2Ĝ� @

@xi

 
c̄2

@Ĝ

@xi

!

| {z }
LĜ

= �(x� x0)

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)

<latexit sha1_base64="hpeQc9UB91NWT0UZLm4O58CBbAA="></latexit>⌘

The dynamics of       is governed by
<latexit sha1_base64="MpE0JaUFIqFQQqg0qRyKvq4b308="></latexit>⌘

<latexit sha1_base64="933O3FKc9/pp4u3tWnkZkdVNyl8="></latexit>

⌘̈ � ⇤⌘ =  H�
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We can recover a differential equation for 

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

After discretization of

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="4Pe1izjEy7QwLLtrGF36K3ZOYvs="></latexit>

L
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G
<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

<latexit sha1_base64="OzNrdkhpTOfNeR7VyM1MDlgYlFk="></latexit>

s2Ĝ� @

@xi

 
c̄2

@Ĝ

@xi

!

| {z }
LĜ

= �(x� x0)

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)

<latexit sha1_base64="hpeQc9UB91NWT0UZLm4O58CBbAA="></latexit>⌘

The dynamics of       is governed by
<latexit sha1_base64="MpE0JaUFIqFQQqg0qRyKvq4b308="></latexit>⌘

<latexit sha1_base64="933O3FKc9/pp4u3tWnkZkdVNyl8="></latexit>

⌘̈ � ⇤⌘ =  H�
<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>) <latexit sha1_base64="Q18PdXd1yAAR4DuyuyGuUTTb67k="></latexit>

�̇ = ⇤⌘ + H�

<latexit sha1_base64="mHT0ZOY3FvQGrGyM9Zo9gLY7erQ="></latexit>

⌘̇ = �

state vector
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We can recover a differential equation for 

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

After discretization of

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="4Pe1izjEy7QwLLtrGF36K3ZOYvs="></latexit>

L
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G
<latexit sha1_base64="+5LlA1j8h+2Yqp5MgePOdxoU7O0="></latexit>

�
<latexit sha1_base64="DdsoFFBIeASQ2zlaLaVWkSvrKXo="></latexit>

G

<latexit sha1_base64="OzNrdkhpTOfNeR7VyM1MDlgYlFk="></latexit>

s2Ĝ� @

@xi

 
c̄2

@Ĝ

@xi

!

| {z }
LĜ

= �(x� x0)

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)

<latexit sha1_base64="hpeQc9UB91NWT0UZLm4O58CBbAA="></latexit>⌘

The dynamics of       is governed by
<latexit sha1_base64="MpE0JaUFIqFQQqg0qRyKvq4b308="></latexit>⌘

<latexit sha1_base64="933O3FKc9/pp4u3tWnkZkdVNyl8="></latexit>

⌘̈ � ⇤⌘ =  H�
<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>) <latexit sha1_base64="Q18PdXd1yAAR4DuyuyGuUTTb67k="></latexit>

�̇ = ⇤⌘ + H�

<latexit sha1_base64="mHT0ZOY3FvQGrGyM9Zo9gLY7erQ="></latexit>

⌘̇ = � These Equations are 
the first step towards 
the state space 
representation

state vector
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Does makes to consider only one mode in the expansion?

Yes!
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<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†

<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†

<latexit sha1_base64="X8B0AWzzGIfm4mM/QIhXBfa53AA="></latexit>

†

Outline

Solving the Helmholtz Equation by modal expansion

And the state space?

About a one mode expansion
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Let us assume homogeneous Neumann BC (no flux)

Solution of

Consider only one mode in the approximation

<latexit sha1_base64="mm0GaaUxjSGQHS3amxYdx7sjVrw="></latexit>p

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mm0GaaUxjSGQHS3amxYdx7sjVrw="></latexit>p <latexit sha1_base64="dC7v75MjqqgFxbwFDk8zDPjAgZc="></latexit>q
<latexit sha1_base64="owAULsUHfZ+PlsW4t3J4ZyrIxmw="></latexit>

s(� � 1)

<latexit sha1_base64="OFptesYl4Vp6gOI87/2bCKLkqJA="></latexit>

s2p̂� @

@xi

✓
c̄2

@p̂

@xi

◆

| {z }
Lp̂

= s(� � 1)ˆ̇q

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)
<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H
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Let us assume homogeneous Neumann BC (no flux)

Solution of

Consider only one mode in the approximation

<latexit sha1_base64="mm0GaaUxjSGQHS3amxYdx7sjVrw="></latexit>p

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mm0GaaUxjSGQHS3amxYdx7sjVrw="></latexit>p <latexit sha1_base64="dC7v75MjqqgFxbwFDk8zDPjAgZc="></latexit>q
<latexit sha1_base64="owAULsUHfZ+PlsW4t3J4ZyrIxmw="></latexit>

s(� � 1)

<latexit sha1_base64="OFptesYl4Vp6gOI87/2bCKLkqJA="></latexit>

s2p̂� @

@xi

✓
c̄2

@p̂

@xi

◆

| {z }
Lp̂

= s(� � 1)ˆ̇q

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="dC7v75MjqqgFxbwFDk8zDPjAgZc="></latexit>q
<latexit sha1_base64="owAULsUHfZ+PlsW4t3J4ZyrIxmw="></latexit>

s(� � 1)

<latexit sha1_base64="xRyf44si7v/ZHzmLJEzWUI0TD9k="></latexit>⌘k
<latexit sha1_base64="i7rTu8stLbK+3xfqKHcVkX6xjNg="></latexit>

 H

k

<latexit sha1_base64="i3tt4stlfl6+dJiW2DBFRHS2hsw="></latexit>

�2
k

<latexit sha1_base64="xRyf44si7v/ZHzmLJEzWUI0TD9k="></latexit>⌘k

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H
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Let us assume homogeneous Neumann BC (no flux)

Solution of

Consider only one mode in the approximation

<latexit sha1_base64="mm0GaaUxjSGQHS3amxYdx7sjVrw="></latexit>p

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mm0GaaUxjSGQHS3amxYdx7sjVrw="></latexit>p <latexit sha1_base64="dC7v75MjqqgFxbwFDk8zDPjAgZc="></latexit>q
<latexit sha1_base64="owAULsUHfZ+PlsW4t3J4ZyrIxmw="></latexit>

s(� � 1)

<latexit sha1_base64="OFptesYl4Vp6gOI87/2bCKLkqJA="></latexit>

s2p̂� @

@xi

✓
c̄2

@p̂

@xi

◆

| {z }
Lp̂

= s(� � 1)ˆ̇q

<latexit sha1_base64="tOuMDiTwDtfqV6rUz7ohrxGUhrk="></latexit>)

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="dC7v75MjqqgFxbwFDk8zDPjAgZc="></latexit>q
<latexit sha1_base64="owAULsUHfZ+PlsW4t3J4ZyrIxmw="></latexit>

s(� � 1)

<latexit sha1_base64="xRyf44si7v/ZHzmLJEzWUI0TD9k="></latexit>⌘k
<latexit sha1_base64="i7rTu8stLbK+3xfqKHcVkX6xjNg="></latexit>

 H

k

<latexit sha1_base64="i3tt4stlfl6+dJiW2DBFRHS2hsw="></latexit>

�2
k

<latexit sha1_base64="xRyf44si7v/ZHzmLJEzWUI0TD9k="></latexit>⌘k

<latexit sha1_base64="gb5wRjSB3aAgHtGVOWLq6XG7gME="></latexit>

s2 <latexit sha1_base64="x9gPph0cwbL/SvELfqPmP+oJeho="></latexit>� <latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘
<latexit sha1_base64="mbNvXc34KFFbid2fLiZ0pxzE0X4="></latexit>⌘

<latexit sha1_base64="qEjj3UpeK1stD0B4Od+Gfx7/JHg="></latexit>

⇤
<latexit sha1_base64="57SvM3XTyUegn49yx1PYuTrSjWA="></latexit>

 H

<latexit sha1_base64="ijXzdMOVYeQGnM9/4lkN6MA/GQg="></latexit>

s2⌘k � �2
k
⌘k = s(� � 1) H

k
q
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Let us assume homogeneous Neumann BC (no flux)

We have gone from here
<latexit sha1_base64="OFptesYl4Vp6gOI87/2bCKLkqJA="></latexit>

s2p̂� @

@xi

✓
c̄2

@p̂

@xi

◆

| {z }
Lp̂

= s(� � 1)ˆ̇q

<latexit sha1_base64="ijXzdMOVYeQGnM9/4lkN6MA/GQg="></latexit>

s2⌘k � �2
k
⌘k = s(� � 1) H

k
qto here
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Let us assume homogeneous Neumann BC (no flux)

We have gone from here
<latexit sha1_base64="OFptesYl4Vp6gOI87/2bCKLkqJA="></latexit>

s2p̂� @

@xi

✓
c̄2

@p̂

@xi

◆

| {z }
Lp̂

= s(� � 1)ˆ̇q

<latexit sha1_base64="ijXzdMOVYeQGnM9/4lkN6MA/GQg="></latexit>

s2⌘k � �2
k
⌘k = s(� � 1) H

k
qto here

<latexit sha1_base64="6ksvSCUjRx1gx1AJdVh7klafxwM="></latexit>

q = IfI
|
refp npe

�s⌧p ⇡ ⌘kIfI
|
ref knpe

�s⌧p

Consider now two models for the flame response

model 1
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Let us assume homogeneous Neumann BC (no flux)

We have gone from here
<latexit sha1_base64="OFptesYl4Vp6gOI87/2bCKLkqJA="></latexit>
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The entire PDE has been reduced to a simple algebraic equation !
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For the case investigated, the agreement of the two approaches is remarkable
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