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And what if we want to apply different models for different parts?
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A proper network model should be able to integrate information coming from 
different kind of models and external data
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From the Navier-Stokes equations to the acoustic jump conditions

From primitive variables to acoustic invariants (waves)

The state space approach
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Jump conditions in a duct with changes in area, temperature and including the 
flame response can be done via conservation equations
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Jump conditions in a duct with changes in area, temperature and including the 
flame response can be done via conservation equations
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By assuming a low-Mach number flow, neglecting viscous terms and linearizing, we obtain
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Jump conditions in a duct with changes in area, temperature and including the 
flame response can be done via conservation equations
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Jump conditions in a duct with changes in area, temperature and including the 
flame response can be done via conservation equations
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Jump conditions in a duct with changes in area, temperature and including the 
flame response can be done via conservation equations
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Jump conditions in a duct with changes in area, temperature and including the 
flame response can be done via conservation equations

Finally we integrated in x the quasi-1D equations
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Jump conditions in a duct with changes in area, temperature and including the 
flame response can be done via conservation equations

Finally we integrated in x the quasi-1D equations

Applying the compact assumption and considering
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Note that we have neglected viscous terms. Their effect can be brought back by 
adding some terms in the derived relations

Finally we integrated in x the quasi-1D equations

Applying the compact assumption and considering
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From the Navier-Stokes equations to the acoustic jump conditions

From primitive variables to acoustic invariants (waves)

The state space approach
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At this point it is of great interest to introduce the definition of acoustic waves
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The relation of upstream and downstream waves in a duct is straightforward
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All elements of the system can be concatenated to form an unique matrix
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All elements of the system can be concatenated to form an unique matrix
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All elements of the system can be concatenated to form an unique matrix
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All elements of the system can be concatenated to form an unique matrix
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All approaches so far result in a nonlinear eigenvalue problem 
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Linearized Navier Stokes Equations

Helmholtz Equation

Network model
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(⇢̄ūj s̄) = q̇0

@

@t
(⇢̄u0

i + ⇢0ūi) +
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Nonlinear eigenvalue problems present many difficulties:

- Iterative approaches are needed. They may not always 
converge
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iūj + ⇢0ūiūj
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time



29

All approaches so far result in a nonlinear eigenvalue problem 

T̄


@

@t
(⇢̄s0 + ⇢0s̄) +

@

@xj

�
⇢̄ūjs
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iūj + ⇢0ūiūj
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Nonlinear eigenvalue problems present many difficulties:
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- Usually, only one eigenvalue can be computed at a 
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Can we do better?
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Can we do better?

Yes! By writing the obtained system of equations under a 
state space formalism
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Outline

From the Navier-Stokes equations to the acoustic jump conditions

From primitive variables to acoustic invariants (waves)

The state space approach
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Each subsystem of the system can be expressed as a state-space model
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rate of change of state variable

output
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Each subsystem of the system can be expressed as a state-space model
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We should think in ‘time’ for a representation in state-space
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Example: acoustic propagation in a duct

Frequency domain representation

Time domain representation
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discretized by a numerical scheme
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We should think in ‘time’ for a representation in state-space

Example: Cross section Jump with Flame
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<latexit sha1_base64="aLXMgkB2ZHpnt/qkguuxzUIVKoE="></latexit>gd

<latexit sha1_base64="7RJe3ToO4qQLwpgm9LfQkXy31tk="></latexit>

fd

The nonlinearity in here is due to the flame response
<latexit sha1_base64="dD+K/2P+LhlPumzueVfKTyEkJoM="></latexit>

Q̇0 = G(s)e�(s) u
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We should think in ‘time’ for a representation in state-space

Example: Cross section Jump with Flame

Plenum Combustion Chamber
Combustion Chamber

Flame

l0
l1

l2

u d
uc dc

in out

a2a0

a1

<latexit sha1_base64="2DpYmYcVnY6wgpTpiUeCZ7vetFY="></latexit>u
<latexit sha1_base64="L0i1Bqx0L/oQbiJEvm7XiRz8e3Y="></latexit>

d
<latexit sha1_base64="n2E6hCFa2tLZG0BbcU4rfzVx1P4="></latexit>

fu
<latexit sha1_base64="7XIh+7D/F9GBOWEkcPhIjepABGo="></latexit>gu

<latexit sha1_base64="aLXMgkB2ZHpnt/qkguuxzUIVKoE="></latexit>gd

<latexit sha1_base64="7RJe3ToO4qQLwpgm9LfQkXy31tk="></latexit>

fd
The nonlinearity in here is due to the flame response

How to think in time?

<latexit sha1_base64="dD+K/2P+LhlPumzueVfKTyEkJoM="></latexit>

Q̇0 = G(s)e�(s) u
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We should think in ‘time’ for a representation in state-space

Example: Cross section Jump with Flame

Plenum Combustion Chamber
Combustion Chamber

Flame

l0
l1

l2

u d
uc dc

in out

a2a0

a1

<latexit sha1_base64="2DpYmYcVnY6wgpTpiUeCZ7vetFY="></latexit>u
<latexit sha1_base64="L0i1Bqx0L/oQbiJEvm7XiRz8e3Y="></latexit>

d
<latexit sha1_base64="n2E6hCFa2tLZG0BbcU4rfzVx1P4="></latexit>

fu
<latexit sha1_base64="7XIh+7D/F9GBOWEkcPhIjepABGo="></latexit>gu

<latexit sha1_base64="aLXMgkB2ZHpnt/qkguuxzUIVKoE="></latexit>gd

<latexit sha1_base64="7RJe3ToO4qQLwpgm9LfQkXy31tk="></latexit>

fd
The nonlinearity in here is due to the flame response

How to think in time?

<latexit sha1_base64="dD+K/2P+LhlPumzueVfKTyEkJoM="></latexit>

Q̇0 = G(s)e�(s) u

<latexit sha1_base64="eRgIlqhp3cu1AVMXSpIoPSISFq8="></latexit>

ẋ = Ãx+ B̃ũ
<latexit sha1_base64="Q/Xey3O+khT3oVi5gocaj6TPWFg="></latexit>

Q̇0 = C̃x+ D̃ũ

Figure out a model (set of ODEs) that mimic the behavior

Possibility 1
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We should think in ‘time’ for a representation in state-space

Example: Cross section Jump with Flame

Plenum Combustion Chamber
Combustion Chamber

Flame

l0
l1

l2

u d
uc dc

in out

a2a0

a1

<latexit sha1_base64="2DpYmYcVnY6wgpTpiUeCZ7vetFY="></latexit>u
<latexit sha1_base64="L0i1Bqx0L/oQbiJEvm7XiRz8e3Y="></latexit>

d
<latexit sha1_base64="n2E6hCFa2tLZG0BbcU4rfzVx1P4="></latexit>

fu
<latexit sha1_base64="7XIh+7D/F9GBOWEkcPhIjepABGo="></latexit>gu

<latexit sha1_base64="aLXMgkB2ZHpnt/qkguuxzUIVKoE="></latexit>gd

<latexit sha1_base64="7RJe3ToO4qQLwpgm9LfQkXy31tk="></latexit>

fd
The nonlinearity in here is due to the flame response

How to think in time?

<latexit sha1_base64="dD+K/2P+LhlPumzueVfKTyEkJoM="></latexit>

Q̇0 = G(s)e�(s) u

Think in discrete time and a convolution Equation

Possibility 2

The output is a ‘filtered’ input
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We should think in ‘time’ for a representation in state-space

Example: Cross section Jump with Flame

Plenum Combustion Chamber
Combustion Chamber

Flame

l0
l1

l2

u d
uc dc

in out

a2a0

a1

<latexit sha1_base64="2DpYmYcVnY6wgpTpiUeCZ7vetFY="></latexit>u
<latexit sha1_base64="L0i1Bqx0L/oQbiJEvm7XiRz8e3Y="></latexit>

d
<latexit sha1_base64="n2E6hCFa2tLZG0BbcU4rfzVx1P4="></latexit>

fu
<latexit sha1_base64="7XIh+7D/F9GBOWEkcPhIjepABGo="></latexit>gu

<latexit sha1_base64="aLXMgkB2ZHpnt/qkguuxzUIVKoE="></latexit>gd

<latexit sha1_base64="7RJe3ToO4qQLwpgm9LfQkXy31tk="></latexit>

fd
The nonlinearity in here is due to the flame response

How to think in time?

<latexit sha1_base64="dD+K/2P+LhlPumzueVfKTyEkJoM="></latexit>

Q̇0 = G(s)e�(s) u

Think in discrete time and a convolution Equation

Possibility 2
<latexit sha1_base64="52FaT1Pj8dbnIoxqFo4bkpvDAl4="></latexit>

Q̇0
n =

LX

k=0

hkun�k

The output is a ‘filtered’ input

unit impulse response
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We should think in ‘time’ for a representation in state-space

Example: Cross section Jump with Flame

Plenum Combustion Chamber
Combustion Chamber

Flame

l0
l1

l2

u d
uc dc

in out

a2a0

a1

<latexit sha1_base64="2DpYmYcVnY6wgpTpiUeCZ7vetFY="></latexit>u
<latexit sha1_base64="L0i1Bqx0L/oQbiJEvm7XiRz8e3Y="></latexit>

d
<latexit sha1_base64="n2E6hCFa2tLZG0BbcU4rfzVx1P4="></latexit>

fu
<latexit sha1_base64="7XIh+7D/F9GBOWEkcPhIjepABGo="></latexit>gu

<latexit sha1_base64="aLXMgkB2ZHpnt/qkguuxzUIVKoE="></latexit>gd

<latexit sha1_base64="7RJe3ToO4qQLwpgm9LfQkXy31tk="></latexit>

fd
The nonlinearity in here is due to the flame response

How to think in time?

<latexit sha1_base64="dD+K/2P+LhlPumzueVfKTyEkJoM="></latexit>

Q̇0 = G(s)e�(s) u

Possibility 2
<latexit sha1_base64="52FaT1Pj8dbnIoxqFo4bkpvDAl4="></latexit>

Q̇0
n =

LX

k=0

hkun�k

<latexit sha1_base64="D/8OD+ekbeWHFKqa+dXTedQdZ8I="></latexit>=

<latexit sha1_base64="WOe2xrTu9rnTGzGB62LWY0zUhlM="></latexit>

Q̇0
n

<latexit sha1_base64="YaI27ftuhJ7r0JrdC2vM0xK7JBs="></latexit>un

Filter 
(impulse response)<latexit sha1_base64="/DgllXDPfXhX65RHsRthlt907P0="></latexit>

y = C̃x+ D̃ũ

<latexit sha1_base64="8T/C6FNrLjDcC9FmysFYwDyOpfM="></latexit>y
<latexit sha1_base64="VrW9EznOOS5VC+NaL5WygYJ/rc4="></latexit>

C̃
<latexit sha1_base64="KysQ+sb2nlB2KLTU12C3UrBqu38="></latexit>x

<latexit sha1_base64="p8dLEj3iLQmriMFtrkksYaApkTM="></latexit>

�x = Ãx+ B̃u

Matrix representing convection
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Each subsystem of the system can be expressed as a state-space model

u1 u2 y2y1

Ã =


A1

A2

�
B̃ =


B1

B2

�

C̃ =


C1

C2

�
D̃ =


D1

D2

�uf


u1

u2

�

| {z }
ũ

=


1

1

�

| {z }
F


y1

y2

�

| {z }
y

+


uf

�

| {z }
u

ẋ1 = A1x1 +B1u1

y1 = C1x1 +D1u1

ẋ2 = A2x2 +B2u2

y2 = C2x2 +D2u2
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Each subsystem of the system can be expressed as a state-space model

u1 u2 y2y1

Ã =


A1

A2

�
B̃ =


B1

B2

�

C̃ =


C1

C2

�
D̃ =


D1

D2

�uf


u1

u2

�

| {z }
ũ

=


1

1

�

| {z }
F


y1

y2

�

| {z }
y

+


uf

�

| {z }
u

ẋ1 = A1x1 +B1u1

y1 = C1x1 +D1u1

ẋ2 = A2x2 +B2u2

y2 = C2x2 +D2u2

<latexit sha1_base64="ikbm0sLP+3Vn2JNfFJ7A+MUphhY="></latexit>

ẋ =
⇣
Ã+ B̃(I � FD̃)�1FC̃

⌘

| {z }
A

x+ B̃(I � FD̃)�1u| {z }
�b

A global expression can be obtained by combining the equations

Global system matrix
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Each subsystem of the system can be expressed as a state-space model

u1 u2 y2y1

Ã =


A1

A2

�
B̃ =


B1

B2

�

C̃ =


C1

C2

�
D̃ =


D1

D2

�uf


u1

u2

�

| {z }
ũ

=


1

1

�

| {z }
F


y1

y2

�

| {z }
y

+


uf

�

| {z }
u

ẋ1 = A1x1 +B1u1

y1 = C1x1 +D1u1

ẋ2 = A2x2 +B2u2

y2 = C2x2 +D2u2

<latexit sha1_base64="ikbm0sLP+3Vn2JNfFJ7A+MUphhY="></latexit>

ẋ =
⇣
Ã+ B̃(I � FD̃)�1FC̃

⌘

| {z }
A

x+ B̃(I � FD̃)�1u| {z }
�b

<latexit sha1_base64="ZieCjryA6COYZaTVdUOazp+PvA0="></latexit>

Ax̂� sx̂ = b̂

A global expression can be obtained by combining the equations

Global system matrix

<latexit sha1_base64="4+OgI9C3zhfgVQ4SjqaBL3XGDnc="></latexit>

Ax̂ = sx̂
<latexit sha1_base64="5FhgwoUSWsLOWLZIJd4QQIAcW60="></latexit>

ẋ = Ax� b
Time domain Frequency domain
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The system matrix A is constant!

u1 u2 y2y1

Ã =


A1

A2

�
B̃ =


B1

B2

�

C̃ =


C1

C2

�
D̃ =


D1

D2

�uf


u1

u2

�

| {z }
ũ

=


1

1

�

| {z }
F


y1

y2

�

| {z }
y

+


uf

�

| {z }
u

ẋ1 = A1x1 +B1u1

y1 = C1x1 +D1u1

ẋ2 = A2x2 +B2u2

y2 = C2x2 +D2u2

<latexit sha1_base64="ikbm0sLP+3Vn2JNfFJ7A+MUphhY="></latexit>

ẋ =
⇣
Ã+ B̃(I � FD̃)�1FC̃

⌘

| {z }
A

x+ B̃(I � FD̃)�1u| {z }
�b

<latexit sha1_base64="ZieCjryA6COYZaTVdUOazp+PvA0="></latexit>

Ax̂� sx̂ = b̂

A global expression can be obtained by combining the equations

Global system matrix

<latexit sha1_base64="4+OgI9C3zhfgVQ4SjqaBL3XGDnc="></latexit>

Ax̂ = sx̂
<latexit sha1_base64="5FhgwoUSWsLOWLZIJd4QQIAcW60="></latexit>

ẋ = Ax� b
Time domain Frequency domain
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The system matrix A is constant!

<latexit sha1_base64="ZieCjryA6COYZaTVdUOazp+PvA0="></latexit>

Ax̂� sx̂ = b̂
<latexit sha1_base64="4+OgI9C3zhfgVQ4SjqaBL3XGDnc="></latexit>

Ax̂ = sx̂

Frequency domain
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The system matrix A is constant! A linear eigenvalue problem can be obtained

<latexit sha1_base64="4+OgI9C3zhfgVQ4SjqaBL3XGDnc="></latexit>

Ax̂ = sx̂

Linear Eigenvalue Problem

Advantages:

- There are many efficient algorithms to solve a linear eigenvalue 
problem

- It is possible to obtain without many difficulties ALL the eigenvalues of 
the system in one shot!

- Finding or not finding an eigenvalue is not an issue anymore as 
iterative solvers (and corresponding basin of attraction) do not apply



52

How to model systems that are complex in frameworks that are easy for 
computation?

Let us take a look at reduced order models


