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Abstract

The acoustic behavior of individual slits within microslit absorbers (MSAs) is investigated
to explore the influence of porosity, edge geometry, slit position and plate thickness. MSAs
are plates with arrays of slit-shaped perforations, with the height of the order of the acoustic
viscous boundary layer thickness, for optimized viscous dissipation. Due to hydrodynamic
interaction, each slit behaves as confined in a rectangular channel. The flow within the slit
is assumed to be incompressible. The viscous dissipation and the inertia are quantified by
the resistive and the inertial end-corrections. These are estimated by using analytical results
and numerical solutions of the Linearized Navier-Stokes equations. Expressions for the end-
corrections are provided as functions of the ratio of the slit height to viscous boundary layer
thickness (Shear number) and of the porosity. The inertial end-correction is sensitive to the
far-field behavior of the flow and for low porosities strongly depends on the porosity, unlike
for circular perforations. The resistive end-correction is dominated by the edge geometry of
the perforation. The relative position of the slit with respect to the wall of the channel is
important for distances to the wall of the order of the slit height. The plate thickness does

not have a significant effect on the end-corrections.
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I. INTRODUCTION

Microslit absorbers and plates (MSAs, MSPs) have been proposed by Maa! as sound
absorbers at low frequencies, providing light-weight and compact solutions to substitute
conventional materials, such as absorptive foams and porous structures. In simple MSAs
the plate, consisting of an array of slit-like perforations, is mounted with a shallow or sub-
partitioned backing cavity. Alternative designs of MSAs have been recently reported in
the literature? 345 MSAs have several advantages with respect to micro-perforated plates
(MPPs) with circular perforations. Using slits one can easily obtain a relatively large poros-
ity, resulting in a higher Helmholtz resonance frequency, when needed. For equal porosity, a
single slit replaces a large number of circular perforations. Furthermore, a slit can be used to
delimit flexible structures whose vibration can contribute to the sound absorption?. Com-
pared to the literature for circular perforations, fewer publications investigate the acoustic
properties of slit-like perforations. Maa'! states that no theory is available to predict inertial
end-correction. The same viscous dissipation as for circular perforations is assumed. In the
work of Maal, radiation to free space is assumed for each slit. The inertial end-correction
model fails. This failure is solved when taking the confinement into account which is a conse-
quence of the hydrodynamic interaction between slits. Ingard® obtained a solution for high
Shear numbers, assuming a uniform flow in the slit and matching the resulting rigid piston

oscillation model to a modal expansion of the flow in the confinement channel. Correct ex-
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pressions for the inertial end-corrections, without typos, are presented by Jaouen et al.”. The
same model is used by Vigran®. Another model, based on a locally incompressible potential
flow with a thin boundary layer, is proposed by Morse and Ingard®, for an abrupt transition
with sharp square edges. This model yields both inertial and resistive end-corrections in the
limit of high Shear numbers. For a slit in an infinitely thin plate, the same approach does
predict an inertial end-correction. However, the singularity of the potential flow at the edge
of an infinitely thin plate results in a divergence of the resistive end-correction. Morse and
Ingard® propose to introduce a finite plate thickness to avoid this problem. The divergence
of the resistive end-correction due to the singularity, at the edge of an infinitely thin plate,
suggests that the viscous dissipation is a local effect, strongly influenced by the edge geome-
try. Recent studies on circular perforations by Temiz et al.'® and by Billard et al.'° confirm
the importance of edges on the viscous dissipation. One concludes that there is a lack of a
complete model to describe the acoustic behavior of slits. For instance, both Ruiz et al.!!
and Cobo et al.'? state that all the models proposed in literature do not fit experimental
absorption curves of MSPs. Therefore, the goal of the present work is to complement the
theoretical knowledge concerning the acoustical properties of microslits. In particular two
effects appear to be ignored in the literature for slits: the influence of the position of the slit

within the confinement channel and the influence of the edge shape. For a circular perfora-

tion, Temiz et al.'3 observed that chamfering the edges reduces the effective plate thickness



38

39

40

a1

42

43

44

45

46

47

48

49

50

51

52

53

54

55

ters by alength of the order of the total length of the chamfers. A non-symmetric position of
the slit within the confinement channel can be found when the periodicity of the array is not
perfect or in the case of a sub-partitioned back cavity. In the present work, a combination
of analytical models and numerical solutions of the incompressible Linearized-Navier Stokes
equations is proposed. In Sec. II, two-dimensional analytical models are developed. In
Sec. III, the numerical models and solutions of the incompressible Linearized Navier-Stokes
equations (LNSE) using Comsol!* v5.5 are described. In Sec. IV, analytical and numerical

results are compared. Findings are summarized in Sec. V.

II. THEORY

A. Definition of the problem

Microslit plates (MSPs) are plates with arrays of slit-like perforations with height b
in the sub-millimeter range and width w >> b. The plate thickness ¢, is of the order of
magnitude of the slit height. The acoustic properties of MSPs are defined by the porosity
® = b/a, with a the distance between neighboring slits. The hydrodynamical interaction
between neighboring slits in the array can be described by considering a single slit of height
b, confined within a channel of height a of rectangular cross-section aw given by the distance
a between neighboring slits and the lateral width w of the slit. At the open front side of the

MSA, the confinement channel represents the hydrodynamic interaction between neighboring
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slits. The confinement channel on the cavity side is resulting from physical walls in the case

of a sub-partitioned cavity or is due to hydro-dynamical interactions. As illustrated in Fig.

Plate thickness i, )
-> Channel height a

Slit height b

Slit width w _ J-d--oo ]

+ L

Figure 1: On the left, frontal view of the microslit plate with slit width w. In the middle,
lateral view of the microslit plate of thickness ¢, with back cavity. On the right, a single

slit of height b with confinement channel of height a due to hydrodynamic interactions.

1, for a periodic array of slits, the confinement channel is placed symmetrically with respect
to the slit. Assuming a long slit (w >> b) implies that one can consider a two-dimensional
(2D) acoustical flow through the slit. As the slit forms the neck of a Helmholtz resonator with
a portion of the back cavity as volume, the flow within the slit can be considered as locally
incompressible up to the first resonance frequency of the resonator, wy = c\/®/(dtesy),
with ¢ the speed of sound, d. the back cavity depth and t.s¢ the effective neck length. In the
audio range, the square of the Helmholtz number is small,i.e. He* = (“’Tb)2 < 107!, Thermal

effects in the slit are neglected. In the configuration in Fig. 1, thermal effects appear on the
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solid back wall and the front and back sides of the plate. In the confinement channel, the
viscous and thermal effects are of the same order of magnitude. The viscous dissipation per
unit surface in the perforation increases quadratically with the inverse of the porosity because
the velocity increases as the inverse of the porosity and the dissipation is quadratic in the
velocity. The temperature fluctuations and thermal dissipation in the perforations are (per
unit surface) of the same order of magnitude as that in the confinement channel. Therefore
viscous dissipation is in the perforation a factor (1/®)? larger than thermal dissipation.
Thermal effects within the perforations are negligible compared to those on the back wall and
on the surface of the plate, because of the small porosity!’. The thermal dissipation on the
back wall and on the two sides of the perforated plate appears to be negligible compared to the
viscous dissipation in the pore (for sufficiently small porosities) as demonstrated by Billard et
al.'?. The thermal boundary layer is described by the classical high Shear number model of
Landau and Lifchitz!®. The discussion is limited to the normal incidence of acoustic waves.
One can describe the transition between the slit and the confinement channel by assuming
over the plate thickness ¢, an ideal 2D parallel flow for a long slit of height b extended
over a so-called end-correction length. The extrapolation of the linear dependency of the
acoustic pressure as a function of the distance from the slit opening in both the slit and the
confinement channel is used to define the end-corrections. There is a resistive end-correction

dres and an inertial end-correction d;, corresponding to the pressure components Re[p| and
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Im[p], respectively in phase with the volume flow oscillation U erp(iwt) and in phase with
the time derivative of the volume flow oscillation. The inertial end-correction determines the
Helmholtz resonance frequency, as shown in Zielinski et al.®. Assuming the same geometry
on the front and backside of the plate, the effective neck length of the perforation is given by
ter = tp + 20;,. The resistive end-correction takes into account the viscous dissipation and
influences the quality factor of the Helmholtz resonance. To optimize viscous dissipation, the
slit height is chosen to be of the order of magnitude of the acoustical viscous boundary layer
thickness 6, = \/m, where v is the kinematic viscosity of air and w = 27 f, with f the
frequency. Hence, for typical applications, the Shear number Sh, = b/d, is of order unity.
The range 0.05 < Shy, < 20 is considered. As the plate thickness and end-corrections in
MSPs are both typically of the order of the slit height, it is important to obtain an accurate

prediction of end-corrections to design the absorbers.
B. Parallel flow

An analytical model for the flow in a long slit of height b is used as a reference to
define the end-corrections and to define low and high Shear number limits. It is also used to
assess the accuracy of the numerical solution of the incompressible Linearized Navier-Stokes
equations. At low Helmholtz numbers (He? = (wb/c)?* << 1), in absence of main flow, the

acoustic field is considered as incompressible and is described by the equation of continuity

V-7=0 (1)
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and the linearized equation of motion

pa; = VP VT, (2)

where v is the velocity, p is the pressure fluctuation, p density of the air assumed to be
uniform and constant and 7 is the dynamic viscosity. In a long thin slit of height b, width
w >> b and length ¢, >> b, for 0 < z < t, and —b/2 < y < b/2, the flow can be
approximated by a 2D parallel flow ¢ = (u(y,t),0,0). The continuity equation (Eq. 1)

implies, in a two-dimensional parallel flow, that g—z = 0. Hence, the derivative with respect

to x of the z—component of the equation of motion (Eq. 2) implies that % =0, i.e. the

pressure is given by a linear function of the x—coordinate. The y— and z—components of

Bp_ op __

50 = 0. This results in a uniform pressure in a cross-

the equation of motion reduce to
section of the slit. Consequently one has that % = Ap/t, with Ap = p(t,,t) — p(0,t). For a

harmonic oscillation Ap = Ape™? the flow profile satisfying the no-slip boundary condition

(u,v) = (0,0) on the slit walls y = +b/2 is

0 ; (3)

The cross-sectional averaged amplitude of the velocity < u > is

R 1 b/g/\ AD
<u>——/ udy:—i—p
—b/2 pw tp

u(z,t) = we™t = ———
pw tp cosh

i Aﬁ cosh (
(%

: [1 _ ﬁtanh (%Shb>:| et (4)
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with Sh, = b/d,, the Shear number. The slit impedance Z, is defined as by Morse and

Ingard®:
Ap
i . 5
"Tuwb<a> (5)

At low Shear numbers Sh, < 1, one can use the approximation

12nt, .6 pwt,,

20 Tobi? 5 (wb) (6)

One recognizes in the real part of Z, the resistance corresponding to a parabolic flow (quasi-

steady Poiseuille flow approximation). At high Shear numbers Sh;, >> 1, one has

pwt, pwi, L
(wh)Shy " (wh) (1 i Shb) | (7

The first part of the imaginary part corresponds to the inertia of a uniform flow, which is

Zb%

a factor 6/5 lower than that of a parabolic flow (see Eq. 6). The time-averaged viscous

dissipation Py in the slit is given by Morse and Ingard®:

5 1 ~ 2 2

Py = QRe[ZbH <u > |*(wb)*. (8)
For Shy, >> 1 using Eq. 7 one has

1 R
Py = épwdu| <u > [wt,. (9)

This thin boundary layer approximation is used in Sec. II E for channels with non-uniform
height. In this limit, the flow in the boundary layer is quasi-parallel along the wall. Therefore,

8
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one can use the dissipation per unit surface found in Eq. 9 when replacing | < u > | by
the amplitude of the tangential velocity |U,,| prevailing just outside the viscous boundary
layer. Integration over the surface yields the total dissipation. This tangential velocity
corresponds to that of a frictionless potential flow. This will be referred as the high Shear
number limit or the thin boundary layer limit. Alternative derivations of this thin boundary
layer equation are provided in literature® '7-16:18 = Ag explained by Morse and Ingard?®, this
approximation fails for infinitely thin orifice plates. While Morse and Ingard® suggest that
the approximation is valid for sharp square edges, the numerical integration of the Linearized
Navier-Stokes equations will allow to verify this assumption.

C. Impedance and end-corrections

In this subsection a formal definition of impedance and end-corrections is provided.
Consider the transition from a slit of height b to a channel of height @ > b. In an ideal
(reference) configuration the transition from the slit to the channel is abrupt: the flow can
be described as a piece-wise parallel flow. In the actual flow, the transition from the slit to the
channel is smooth. Far from the transition one can observe a linear change in the amplitude
of the pressure as a function of the distance from the slit opening. This corresponds to a
parallel flow in a slit of height b and in a confinement channel of height a. This far field
can be extrapolated at each side of the transition towards the plate surface at = = 0 (slit

opening). The complex pressure amplitude difference Ap; obtained across the transition
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by this extrapolation divided by volume flux amplitude U =< 4 > bw is defined as the
transition impedance Z;. The inertial end-correction ¢;, and the resistive end-correction 6.,

are defined by:
Im [Zt]

m 5]
m

dt,

Oin = (10)
Re[Z,] |
Re [%}

dt

5’!’68 = (11>

The value of Z, is calculated by combining Eq. 4 and Eq. 5. The resistive end-correction

Ores 1s in principle different from the inertial end-correction d;,. In this work, the inertial

and resistance end-correction of Morse and Ingard® will be used as reference. One has

Im|Z; ref] = % {(1 ;(I:I)) In 8 i_ ig +1In u ;;I:I)) } : (12)
RelZis] = 5ol — ®) {1 e ;f ) In 8 - g} | (13)

The reference end-corrections, &y ref and dyesref, can be calculated by replacing Im[Z; .|
and Re[Z;,.¢] in Eq.10 and Eq.11. For low porosity, the inertial end-corrections becomes
Sintimit/b = (1—1n (4®)) /7. The inertial end-correction becomes infinitely large for vanishing
porosity. This divergence can be avoided when taking into account the influence of the flow
compressibility . The resistive end-correction increases with decreasing porosity but reaches
an asymptote dyes jimit/b = (7+2)/(2m) for ® — 0. In Fig. 2 values of the inertial and resistive

end-corrections obtained from the literature for perforations with sharp edges are shown as

10
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function of the inverse of the porosity 1/® = a/b. Results for circular perforations are also

displayed. A critical discussion of these data is provided by Kergomand and Garcia?.

0/ Lyes

0.5,

1/®

Figure 2: (Color online) Comparison of end-corrections for sharp-edged slit (L,.; = b)
and circular perforation (L,.; = d,) from the literature. Inertial end-corrections d;, for
slits (MSPs): --- high Sh, number limit for a slit in an infinitely thin plate®, — Modal
expansion of Ingard®, — Thin boundary layer for square edged transition in channel®.
— Resistive end-correction 6, for square edged transition in channel®. --- Inertial end-
correction for circular perforations from Fok?!. Resistive end-correction for circular perfo-

rations: [J from Temiz et al.'®> and =/ from Naderyan et al.??.

The reference length L,.¢, in Fig. 2 refers either to the height b for slits or to the
perforation diameter d,. It can be noted that the various results at high Sh, numbers
for the inertial end-corrections for slits, including the value for an infinitely thin plate, are
in close agreement. This indicates that at high Shear numbers the plate thickness has a

minor effect on the inertial end-correction. For a circular perforation, the finite limit value??

11
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din,o—0 = 0.41d, is found. For circular perforation, resistive and inertial end-corrections are
of the same order of magnitude. It should be noted that for relevant porosities all end-
corrections are of the order of L,.; (either b or d,). For a given plate impedance, the normal
incidence absorption of a microslit plate backed by a cavity with depth d can be calculated

as shown, for example, in Zielinski et al.’.
D. Modal expansion

In this subsection, the frictionless modal expansion proposed by Ingard® is used to derive
an expression for the inertial end-correction. Given an arbitrary velocity profile at the end
of the slit, it is possible to derive the inertial end-correction by matching this velocity profile
with an expansion in modes of the confinement channel. Outgoing plane wave and evanescent
transversal modes are considered. Kergomand and Garcia®® discuss the convergence of the
modal expansion. When using the rigid piston approximation in the slit the number of modes
used in the channel should be of the order of the inverse of the porosity'®, 1/® = a/b. An
expression of the inertial end-correction for low the Sh, number is obtained by assuming a
parabolic flow (see Sec. IIB) at the end of the slit. This is used as input for the frictionless
modal expansion of the acoustic pressure in the channel. One finds:

i % (%)3 {4 cos? (nm)

n=1

6in -

| Ot

() () ()}

12
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A number of modes of the order of N,, = 3(a/b) is sufficient to reach a reasonable
accuracy.
For the asymmetric case, the influence of the position of the slit with respect to the wall is

investigated. In Fig. 3, the transition from an asymmetric slit to a channel is displayed.

ay

Figure 3: Geometry of the asymmetric slit of height b = b; + by emerging in a channel of

height a = aj + as.

The slit height is b = by + by, the channel height is a = a; + as. The geometry is chosen
such that the (a/b) = (a1/b;) = (az/bs). In the limit case of a slit sharing the flat wall with
the channel, one has ay = 0 or a; = 0. The vertical positions of the slit edges (at © = 0) are
y1 = a1(1—>b/a) and yo = a—az(1—b/a). Assuming at the end of the slit a uniform acoustic
velocity amplitude and expanding the amplitude of the pressure in frictionless modes in the

channel one finds:

(15)

= o { [sin (222))%
n=1

a

13
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In the symmetric case a; = ay one finds the result of Ingard®, where n = 2m. The sum
is limited to even values of n. The influence of the position of the slit on the inertial end-

correction is discussed in Sec. IV C.
E. Thin boundary layer approximation

For the high Shy, range, the viscosity effects are concentrated in a thin boundary layer
at the wall and do not impact the main, potential flow. The incompressible potential flow
theory combined with the thin boundary layer approximation proposed by Morse and Ingard®
can be used. A generalization of this model is presented by Berggren et al.'6. In the present
work, this approximation is used to investigate the end-corrections for smooth edges and
asymmetric slit sharing the flat wall with the confinement channel. It is also used to explore
the effect of viscous friction along the confinement channel walls(for the case of a partitioned
back cavity). The smooth edge geometry is obtained using the conformal transformation
introduced by Henrici?** (Appendix A for details). An analytical solution is proposed in
Appendix A for a smooth transition, providing a generalization of the results of Morse and
Ingard® for sharp edges (Eq. 12-13).

In Fig. 4, a 2D slit of height b in z < 0 and a 2D channel of height ¢ > b in x > 0
are shown. The end of the uniform slit (point B in Fig. 4) is at (z,y) = (—d,a — b), with
d being the transition length. The uniform confinement channel begins at x = 0. The duct

can be associated to a region in the complex z—plane by z = x + iy,with 2 = —1 and

14
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A B D' Re[(]
Figure 4: Henrici’s transformation of half the channel with smooth transition from the slit

to the channel in the physical plane z = = + iy to the (—plane. Coordinates of the points:

A(—00; (a +b)/2), B(—d; (a — b)/2), C(0,0), D(c0;0).

spatial coordinates (x,y). Using conformal mapping, the flow region in the duct can be
mapped into the upper half-plane in the complex (—plane. The mapping of the contraction
is a modified Schwarz-Christoffel transformation introduced by Henrici?* 2. The differential

form of Henrici’s transformation is

dz

o (e = 1)V? _2\1/2
¢ = ¢ lalc =DV 4B - 6]

(¢ = GP)H2, (16)

where «, f and G are parameters of the transformation depending on the slit and channel
heights and on the transition length d. The parameters a and g are functions of the param-
eter G obtained numerically as the solution of a non-linear equation. Details are discussed
in Appendix A. The equation for the sharp square edge transition is recovered for d = 0.
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Using the thin boundary layer approximation one can find the real and imaginary part of the
impedance of the transition Z; and the corresponding inertial and resistive end-corrections.
Formulas are provided in Appendix B.

A similar approach can be followed for a fully asymmetric slit, presented in Fig. 3. When
as = 0, the slit and the confinement channel share the flat wall. One has to add the dissipa-
tion of the flat wall, shared by the slit and the channel. This will be done by modifying the
limits of integration when calculating the total dissipation along the walls (Appendix B).
When the confinement channel walls are representing the influence of hydrodynamic inter-
action, the flow at the channel walls is frictionless. This can also be taken into account by
simply modifying the integration limit when integrating to calculate the dissipated power.
Details are in Appendix B. Parameters such as G are obtained numerically by solving a
non-linear equation. The analytical solution for sharp edges can be used as an initial guess
for small values of the transition length d. Then the parameter d can be increased using the
previous value of GG as an initial guess in an iteration process. Given G, in the symmetrical
case, a fully analytical final solution is obtained. In other cases, a numerical integration

remains to be carried out.

ITT. NUMERICAL MODEL

A. Uniform channel

16
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Consider a uniform channel of height b and length ¢,, with ¢, >> b. The z-axis goes
from = 0 to x = t,. The y-axis extends between the walls at y = £b/2. As stated in Sec.
IT A | the low He number approximation is made. The incompressible Linear Navier-Stokes
equations for a 2D domain in a dimensionless form in the frequency domain are hereby

presented:

ou*  ov*
o dy* - (a7)
, op* 1 v O*ur
* — 1
iu 8$*+25h§ ((93:*2 + 8y*2) (18)
, op* 1 vt 0%
* — 1
YT Ty asn (81’*2 \ 8y*2) ’ t9)

with z* = z/b and y*x = y/b. The dimensionless velocity (u*,v*) is (u/bw,v/bw) and the
dimensionless pressure is p* = p/(p(bw)?). These equations are implemented in Comsol
Multiphysics as user defined equations (PDE) and solved. At the inlet (z* = 0) and at
the outlet (z* = t,/b) of the domain the uniform pressure values are imposed: respectively,
Piae = 1 and pf ., = 0. At the walls (y* = y/b = £1/2) no-slip boundary conditions,
(u*,v*) = (0,0) prevail. An unstructured mesh of quadratic triangular elements is used,
with the finest mesh at the walls. The density of elements at the walls depends on the Sh;,
number: the element sizes at the wall are 0.2/Sh;, or less, in order to accurately capture the
viscous boundary layer. Several checks are performed to gain insight into the accuracy of the
numerical simulations. Firstly, the computational domain length ¢, is increased to exclude
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an influence of the channel length on the transition impedance. It appears that the quantity
Uy, = Ut,/tyer, with U being the flux in a cross-section of the channel and ¢,.; = 6 * b,
is constant within a relative deviation of 107° for 0.5 < tp/tres < 2. Secondly, a mesh
convergence study is performed and shows convergence to computer accuracy (107'%). For
this study, three additional meshes are used: one coarser and two finer meshes respectively
with half, two, and four times the basic number of elements at the wall. To compare the
results, the cross-sectional average velocity < u* >= fob* w*dy* is used. Comsol!* performs
the integration element-wise using numeric quadrature of the 4" order. The cross-sectional
average velocity in the channel obtained with the numerical simulations shows a deviation of
10~* from the analytical solution for the parallel low in an infinitely long channel, discussed

in Sec. II B.
B. Change in cross-section with sharp square edges

The set of equations 17-19 is used to study the channel in Fig. 5 presenting at z* = 0 a
sharp square edged transition from a uniform height * to a uniform height a* > b*. The
channel extends from z* = —t; to x* = t, with ¢} = 6a/b and t; =t} /2.

The symmetry of the problem allows limiting the numerical domain to half the channel.
For the inlet segment AF and outlet segment DE constant pressures are imposed, p%, = 1
and ph,p = 0. At the segments AB and BC the no-slip boundary conditions are applied. At

the segment EF (symmetry axis) a slip boundary conditions are implemented: du*/dy* =0

18
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Figure 5: Geometry of a channel with the sudden transition from the slit of height b to the

channel of height a.

and v* = 0. The effect of the boundary condition at the walls is investigated. When con-
sidering a confinement channel due to hydrodynamic interaction, slip boundary condition is
used on the segment CD. Far from the transition located at x* = 0 the acoustic pressure
is uniform in the cross-section and the amplitude of the pressure depends linearly on the
position along the duct (parallel flow behavior). Assuming that for —2a < z* < —1la :
7" (z) = Az* + B and for 3a < 2* < 5a one has: p* (z) = Ca* + D. The complex constants
can be determined by a linear fit of the pressure data obtained by numerical simulations for

these regions far from the discontinuity. The linear fit gives a coefficient of determination?®

1 — R* = 1075, The impedance Z; of the transition is determined by Z; = % with U*
being the flux calculated in a generic section of the slit far from the discontinuity, defined
as U* = w < @* > b. For a height ratio a/b = 10 and Sh, = 20, in the proximity of the

edges the maximum element size is M;/b = 2 x 1072 and the minimum is m;/b =7 x 107

The original mesh chosen for the standard calculations has a total of 13324 total elements,
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of which 804 are edge elements (at the walls). For a porosity ® = b/a = 1/10 at Sh;, = 20,
numerical simulations show that the effect of the boundary condition at the lower wall of
the channel is negligible. This confirms that the dissipation is mainly concentrated inside
the slit and around the edges. In the assumption of locally incompressible flow, the volume
flux along the duct axis is constant. This is verified numerically with a maximum relative
deviation of 1074, The coefficients A and C of the linear fittings of p* can be compared to
the theoretical values of the Ap*/t* for the parallel flow in a long channel, respectively of
height b and a. The discrepancy is in the order of 107%. The accuracy in the calculation of

the volume flux is the limiting factor for the global accuracy of the numerical model.

IV. RESULTS

A. Symmetrical slit with sharp square edges

4.1.1 End-corrections at low and high Sh;, number

In this subsection, the end-corrections for a sharp square edged transition derived from the
numerical simulations are compared with the analytical solutions proposed in Sec. II. An
overview of the behavior of the end-corrections in the range 0.05 < Sh, < 20 is shown in
Fig. 6. In Fig. 6 the behavior of d;,/b and d,.s/b is shown as function of the Shear number
and for several porosity. The Shear number range is divided into
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e Low Shy range, Shy, < 0.6,

e High Shy range, 0.6 < Shy < 20.

The two ranges are discussed separately in the next subsections. For low Shear numbers,
the inertial end-correction can be calculated using the oscillating parabolic flow approxima-
tion. For high Shear numbers the modal expansion of Ingard® and the thin boundary layer
approximation of Morse and Ingard® are used. The inertial end-correction calculated by
means of modal expansion with the parabolic flow approximation is about twice the value
for uniform flow. In Fig. 7 the comparison between the numerical, the modal expansion, and
thin boundary layer approximation, are shown as a function of the inverse of the porosity ®.
The numerical results are obtained for a Sh, = 0.05 and for Sh, = 20. At low Shear num-
bers, the Poiseuille flow approximation is used. At high Shear numbers, the thin boundary
layer approximation and the plane piston model are compared. It appears that the parabolic
(Poiseuille) flow approximation captures well the behavior of the inertial end-correction for
Shy = 0.05, whereas the rigid piston and thin boundary layer models are in good agreement

with the result for Shy, = 20.

4.1.2 End-corrections at Low Sh;, number

For Shy < 0.6, the dimensionless inertial end-correction d;, /b and the resistive end-correction
dres/b are functions of the porosity and, to a much lesser degree, of the Sh, number. The
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Figure 6: (Color online) Behavior of a) d;,/b and b) 6,¢s/b from the numerical simulations
as function of the Sh, number for several porosities: — 1/® =3, ---1/® =5, — 1/d =

10, ---1/® =15, — 1/® =20, --- 1/® = 30.
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Figure 7: Comparison of inertial end-correction ¢;, as functions of 1/®: — Parabolic flow
approximation, — Uniform flow approximation®. High the Sh, number limit®. Stars

refer to the results of numerical calculations for * Sh, = 0.05 and * Sh;, = 20.

dependency of the end-corrections on Shy, is therefore neglected for low Shear numbers. The
dependency of d,.s/b on both porosity and the Sh, number is negligible. The following fits

are proposed:

S pi 1013
= 217+ 218 | & : (20)
5Tez,fit — 04257 (21)

for Shy < 0.6 and 3 < 1/® < 30. The coefficient of determination?® 1 — R? for 6;, /b is 0.997.
The choice of the fit for d,.s/b results is a maximum underestimation of the actual value
of 2.5%. The negligible effect of the porosity on d,.s/b indicates again that the dissipation

is a local effect at the sharp edges. The comparison of the fits and the numerical data is

provided?7: 28,
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s 4.1.3  End-corrections at high Sh, number

30 In the region 0.6 < Shy, < 20 the deviations of d;, and 6,¢s from the high Shy, limits 0, ey
50 and Opes e (described in Sec. IIC and calculated for the same Shear number value as the

sn  numerical simulation), predicted by Morse and Ingard®, have been obtained (see Appendix

=

a2 B). Proposed fits of the numerical results are:

5in Cl
= 22
313 6in,ref 02 + Shb ( )
5res C3
-1= 23
314 (Sres,ref Shb * (04 —+ Sh}b)’ ( )
with C; = Di1 + Djo - (9). (24)

s From Eq. 24 appears that the coefficients C; are linear functions of the porosity. Table 1

3

s

sis  provides the values of the coefficients D, ;.

-

Table 1: Values of the coefficients for the fitting in the range 0.6 < Shy, < 20.

01 Cg 03 C(4

First coefficient D;;  0.52 1.27 5.19 1.69

Second coefficient D; o 9.34 7.45 28.74 3.97

sz In Fig. 6a and 6b both the inertial and resistive dimensionless end-corrections show a depen-
s1s dency on the porosity that becomes less important for decreasing porosity. This behavior is

50 more noticeable for d,¢5/dres ref. In Fig. 8a the linear approximations of the coefficients Cy
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and Cy for the inertial end correction are compared with the actual values. In Fig. 8b the

results for C3 and Cy for the resistance are presented. The average adjusted coefficients of
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Figure 8: Comparison of the coefficients C; of the fitting of the inertial and resistive end-
corrections as function of the porosity ® in the range 0.6 < Sh, < 20. In a) — C; and —
Cy. In b) — C5 and — Cy. In both, asterisks refer to the numerical data and solid lines

are referred to the results of the fitting process.

determination®® 1 — R? are 0.987 for the inertial term and 0.998 for the resistive term. It
appears that both 6;,,/0in e and Oyes/0pesrep are converging to the unit value for high Shy,
numbers. For higher Sh, numbers, some additional calculations are carried out for a typical
porosity 1/® = 10. At Sh, = 100, one has 6;,,/0inref = 1.0116 and 6yes/0resrer = 0.9465.
At Shy, = 200, 6in/0inrer = 1.0061 and 0yes/0resrey = 0.996. This confirms the validity of
the thin boundary layer approximation for sharp square edges. The effect of the boundary
condition (slip or no-slip) on the channel walls is investigated for a typical porosity 1/® = 10

with Shy, = 2 and Shy, = 20. Numerical simulations for 1/® = 10 show that the introduction
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of a no-slip boundary condition at the walls of the confinement channel has a negligible effect
on the results. For Shy, = 2, one finds a ratio ,esno—stip/Ores siip = 1.032. For Shy, = 20,
Oresno—stip/ Ores siip = 1.044. Using the thin boundary layer theory, for high Shy, one finds
Oresno—slip/ Ores siip = 1.041, in agreement with numerical results. One expects that this ratio
increases for increasing porosity. For an extremely large porosity 1/® = 3, one finds a ratio
Oresno—slip/ Ores,siip = 1.185. One can conclude that the inertial end-correction is determined
by the porosity. The porosity has a modest effect on the resistive end-correction. The neg-
ligible effect of the no-slip boundary condition in the channel suggests that, for & = 0.1,
dissipation is mainly concentrated around the edges. The comparison of the fits and the

numerical data is provided?®3.
B. Symmetric slit with smooth edges

Consider a slit of height b with rounded edges of radius r placed symmetrically with respect
to a channel of height a. The results of incompressible LNS simulations are compared to
the high Shear numbers approximation for a smooth transition discussed in Sec. II E with
the shape determined by the transformation of Henrici?*. Experimental and numerical data
for a circular perforation obtained for a 45° chamfered circular perforation by Temiz et al.!®
are also displayed. The reference length L,.s is introduced. For the round edges L,y = r
is the radius of curvature of the rounded edge. For Henrici’s transformation, L,.; = d is

the transition length. For chamfered, L,.; = cq, is the chamfer length. It appears that
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the transition length d well approximates the radius r of an equivalent rounded edge for
d/b < 1. In Fig. 9, dinround/Oimn.sharp @0d Ores round/Ores sharp are displayed as function of
L,c¢/b. Numerical results for a slit with a height ratio of a/b = 10 are shown for: 1)
rounded edges at several Sh, numbers (Sh, = 0.2,2,20), 2) chamfered edges for c.;, = 0.5b
at Shy, = 20, 3) Henrici’s geometry for Sh, = 20,200. The analytical potential solution
for smooth edges is validated by the LNSE numerical simulations for Henrici’s geometry
at high Shear numbers. In Fig. 9a, for the inertial end-correction the analytical solution
well approximates the numerical results for a rounded edge. The 2D planar result for the
45° chamfered edge is relatively far from the analytical and numerical results for a smooth
transition. In Fig. 9b, for the resistive end-correction the analytical solution provides a good
approximation for high Sh, numbers, both for a round edge and for a chamfered edge. It
is interesting to note that the resistive end-correction becomes negative for L,.r/b of order
unity. For comparison, the influence of chamfer on circular perforations!? is also displayed
in Fig. 9. In Fig. 10a and 10b, dinround/Gin,sharp a0d Ores round/Ores,sharp are shown for
height ratios a/b relevant in MSPs. The inertial end-correction shows a dependency on a/b
that increases with the increase of the ratio L,.r/b. The resistive end-correction shows a
much more modest dependency on the porosity than the inertial end-correction, as already
observed for sharp edges. Rounded edges and chamfered edges have a similar effect on

the end-correction, for a small radius of curvature of the edge compared to the slit height
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b. The effect of rounded edges on a slit is similar to the effect of a chamfered edge for
circular perforations. In conclusion, it appears that a fair estimation of the edge geometry is
necessary to obtain meaningful estimations of the end-correction for both slits and circular

perforations.

Figure 9: (Color online) Comparison of the high Sh, number approximation for a smooth
transition with numerical results for several ratios L,.r/b for a)di, round/Oin,sharp and

b)0yres round/ Ores,sharp for several Shy, numbers: — Slit with smooth transition, * Slit with
rounded edges for Sh, = 0.2, 4+ Slit with rounded edges for Sh, = 2, x Slit with rounded
edges for Sh, = 20, 57 Slit with Henrici’s transition for Sh, = 20, /A Henrici’s transition
for Shy, = 200, () Chamfered edge for Shy, = 20, - -- Fit of numerical results and [] Experi-

mental result for circular perforations of Temiz et al.!?.

C. Asymmetric slit
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Figure 10: (Color online) Behavior of &) 0in round/din,sharp a0 b) Ores round/ Ores,sharp s func-
tion of the edge rounding L,.f/b for several 1/® = a/b: — 1/® = 3,---1/® = 5, —

1/ =10,---1/® =15, 1/® =20, --- 1/ = 30.

In this section results for asymmetric slits are discussed. The position of the slit is
determined using the distances a; and ay defined in Fig. 3. The inertial end-correction is
calculated for high Sh, numbers, using the modal expansion method of Ingard® presented in
Sec. II D. In the extreme case that as = 0, the high Sh, number limit of Morse and Ingard?®
can be used to calculate both the inertial and the resistive end-corrections.

In Fig. 11 the ratio of the inertial end-corrections for the asymmetric case (9 asym)
and the symmetric case (0, sym) is displayed as function of as/a; for several height ratios
a/b, with a = a; + as. The value of as/a; where the effect of the position has a significant
effect decreases with the increase of a/b. It appears that for a slit positioned at the wall

(ay = 0), the inertial end-correction is, as expected, double the value for the symmetric
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Figure 11: (Color online) Analytical results for the inertial end-correction obtained by

means of modal expansion for an asymmetric slit for several 1/®: — 1/ = 3, ---

1/®=5 —1/®=10,---1/® =15 1/® =20, --- 1/® = 30.
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Figure 12: Comparison of the numerical simulations (x) for Sh, = 20 and potential flow

theory (—) results as function of a/b for a) din.asym/in,sym and b)dres asym/Ores,sym-

case, for all the ratios a/b. Numerical calculations are performed for a slit positioned at the
wall and compared to the analytical results. In Fig. 12, for Sh, = 20 the end-corrections
for an asymmetric slit (ag = 0) as function of the height ratio a/b are plotted using the

corresponding values (same Shy, number) for a symmetric slit as a reference. The inertial

30



388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

end-correction is double the value for the symmetric slit. The resistive end correction instead
increases for decreasing porosity ® = b/a. It approaches the asymptotic value of ;e asym =
2.30res,5ym- This asymptotic value reduces for increasing Shy, approaching the analytical value
for very high Shear numbers. Considering the common wall as a mirror, the flow corresponds
to that in a slit with double width 2b placed symmetrically with respect to a channel of width
2a. This explains the behavior of the inertial end-correction. For the resistive end-correction,
the dissipation occurs in a small region around the edge. This region can be addressed as
the dissipation region. When keeping the flow velocity in the slit constant, but doubling
the slit and channel height, one increases the dissipation region length by a factor 2. The
resulting resistive end-correction doubles. In practice, the end-correction increase is larger
(15%) than the factor 2 because one has to account for an additional dissipation along the
flat wall common to the slit and the channel. The deviation at a/b = 30 for the resistive end-
correction indicates that the thin boundary layer limit is not yet reached for Sh, = 20. This
was also observed for the symmetrical case. In conclusion, it appears that the influence of
the position on the end-corrections cannot be neglected for positions of the slit with respect

to the channel of the order of magnitude of the slit height.
D. Finite thickness plate with sharp square edges

In Fig. 13a and 13b the deviations of the inertial and resistive end-correction for a fi-

nite thickness are compared with the transition between a very long slit and the confinement
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channel discussed in the previous sections. In the range of interest, the deviation lays within
10% and 5% accuracy, respectively for the inertial and the resistive end-correction. 6,es prate
shows a negligible dependency on t,/b with respect to the dependency on the Sh;, number.
From this study, one can state that for practical purposes the influence of the thickness of

the plate on the end-corrections can be neglected.
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Figure 13: Deviation of a) (din piate a0d b)(Jyes piate from the semi-infinite slit as function of

the ratio t/b for: — Shy, = 0.2, — Shy, = 2 and Shy = 20.

V. CONCLUSIONS

In typical microslit plates (MSPs) the acoustic end-corrections and the plate thickness are
both of the order of the slit width. Hence an accurate prediction of the end-corrections
is needed for the design of MSPs. This study combines two-dimensional analytical and
numerical solutions of the incompressible Linearized Navier-Stokes equations to investigate
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the acoustic behavior of microslit absorbers (MSAs and MSPs). A single slit of height b
is studied as confined in a rectangular channel of height a determined by the porosity of
the plate ® = b/a. The flow within the slit is assumed to be locally incompressible (low
He numbers). Thermal effects are neglected. Focus is given to the frequency range of ap-
plication for MSAs and resonant metamaterials. For sharp edges, numerical simulations
demonstrate that for low Sh, numbers a parabolic flow approximation provides a good ap-
proximation of the inertial end-correction, whereas the thin boundary layer approximation
predicts both the end-corrections at high Sh, numbers. The inertial end-correction of slits
is strongly dependent on the porosity, showing a very different behavior compared to that
of circular perforations. A striking result is that the ratio of the resistive end-correction
and the slit height is weakly dependent on the porosity, independently of the Shear number.
This indicates that viscous friction is a local phenomenon occurring near the edges. This is
confirmed by the negligible influence of the no-slip boundary condition at the walls of the
confinement channel, for ® < 0.1. The final prove is gathered in Sec. IV B where the effect
of the edge geometry is discussed. The analytical model for a smooth transition provides
a reasonable prediction for rounded and chamfered edges at high Sh;, numbers. These re-
sults demonstrate that, without information on the edge shape, an accurate prediction of
the end-corrections is not possible. In Sec. IV C it is shown that the position of the slit

becomes an important effect for distance from the wall in the order of the slit height b.
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For the limit case of a slit sharing the wall with the channel, the inertial and resistive end-
corrections are both approximately twice the values for a symmetrical slit. In Sec. IV D it is

shown that, for ¢, > 0.1b, the effect of the plate thickness on the end-corrections is negligible.
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APPENDIX A: TRANSFORMATION OF HENRICI

In this appendix the high Sh;, limit theory is described for the smooth and asymmetric
transitions presented in Sec. II E. The duct can be associated to a region in the complex
z—plane by z = x + 1y, with i* = —1 where (x,y) are the coordinates in the physical plane.
Using conformal mapping, the flow region in the duct in the complex z—plane is mapped

4 is used

into the upper half-plane in the complex ¢(—plane The transformation of Henrici?
to derive the results for a smooth transition from a slit of height b to a channel of height a.
The geometry is presented in Fig. 4. The integral form of the transformation proposed by

Henrici?* is:
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1 1 G
z:a{lnli—:—aln<Gi—:)}—i—ﬁln[é}%, (25)

T = C_GQ. (26)

where 7 is:

(—1
The point far downstream of the transition A((—o0,a) can be mapped into point A’(¢ = 0),
the start of the transition B(—d,a — b/2) corresponds to B’({ = 1), the end of the transition

C(0,0) corresponds to C’(¢ = G?). The coefficients are related to parameter G by:

a—b| G
- —_ 2
“ ™ {G = 1] (27)
and
Gb—a
= 28
The parameter G is found by solving the non-linear equation:
a md
S AT o

This equation can be solved by successive substitution for 7d (2b) < 2 using Gy = a/b

as initial guess. For 7d (2b) > 2 the successive substitutions should be applied to:

G = exp {g(g:l)} (30)

b

using G = exp (g—,‘f) For sharp edges d = 0 and G = a/b. For an asymmetric slit positioned
at the wall it is necessary to identify the point (y on the (-axes that corresponds to zy = ia on

the flat wall in the z-plane. (j is found by solving numerically the equation zg = 2({y) = ia.
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This can be done for any value of the transition length d. Here, only the sharp edge (d = 0)

is considered for the fully asymmetric slit position (as = 0).

APPENDIX B: THIN BOUNDARY LAYER APPROXIMATION
The thin boundary layer method of Morse and Ingard® for the transition from a slit of
height b to a channel a with sharp edges is extended to a smooth transition and to a fully
asymmetric slit positioned at the wall (as = 0). The inertial and resistive end-corrections
can be found comparing the actual configuration with an ideal configuration. The ideal
reference flow, used to define the end-corrections, has for x > 0 a uniform velocity u, in
the channel of height a and for z < 0 a uniform velocity u, = (a/b)u,. The potential flow
far upstream is obtained by placing a volume source at the origin ¢ = 0 (far downstream
the transition) with potential ¢ = (au,/7)In(¢). The local flow velocity is the vector field
Uwau = (u,v) = V. The linearized form of the frictionless equation of motion is

—Vp = pg—? . (31)
To compare the actual and the reference configurations two points in the transformed
(—plane are necessary. Choosing (; — oo and (; = 0 corresponds to z; and 2o respectively
far upstream and far downstream the transition. Integrating Eq. 31 between z; = (z1;41)

and zy = (z9;y2) with 1 > 0 and x5 < 0, one has for a harmonic oscillating acoustic field:

ipw(pe — 1) = p1 — P2, (32)
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with ¢ = [ ¥+ dZ. If the flow velocity would remain uniform (u,,0) for > 0 and jump to

(up, 0) with u, = uga/b for z < 0, we would have:

a

(92 = ®1)ideat = Uap 2 — Ual: (33)
The inertia I'm[Z;] is given by:
A
Im[z] = 222 (34)
awu,

Where Ay is defined as the difference (¢2 — ©1)actuat — (P2 — P1)idear- Choosing real values

(1 and (o, so that the values of z; and 25 are far from the origin of the axis, one has:

Im{z) =% [% In (%) — Re(z) + 236@1) | (35)

For (; — oo and (3 — 0 in Eq. 25 and Eq. 26 we can expand at the first order 7 and obtain

an expression for z; and 25 to substitute in Eq. 35. One arrives at Eq. 36. For d = 0 this

expression recovers the result of Morse and Ingard®.

_pw (a —b)° G+1 a—>b
Im[Zt]_ﬂw{ b M\ &a=1) Tae=o

Gbta, ((1+ G)*
2a . 4G?

+InG } . (36)
Using Eq. 10 one can find the inertial end-correction. The additional dissipation due to the
transition can be derived integrating along the wall the dissipation per unit surface presented
in Sec. II B for the actual and the reference configuration. It should be noted that the actual

configuration and the ideal configuration should be combined to obtain converging integrals.
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In terms of potential the velocity at the wall is:

2 2 2

dg

dy dq
dz

dz

_ |4
=l
The power dissipated at the junction compared to an ideal configuration is:

_ 1 © (dpl|? d¢ aN? | [dz
PW—Q&W{/@ <‘d_g () R‘{d—ngC
2
Z—i—uiRe [d—z}>d(], (38)

¢ d
+/¢0 (’d_é a

where for a symmetric slit (; = oo, (o — 0 and (y corresponds to z = 0 and it is found

‘atcm’2 =

from (; = G?. The second integral in Eq. 38 contains the effect of the dissipation in the
channel. For a slip boundary condition prevailing in a confinement channel resulting from
hydrodynamic interactions, one can take (; — ¢y and calculate the dissipation using only
the first integral. These integrals can be solved by numerical integration with standard
numerical solvers. The resistance of the discontinuity can be defined as Morse and Ingard®:
2Py
(awluq|)*

RelZ,] = (39)

Solving analytically the integrals for the symmetric smooth-edged configuration with friction

at the channel walls leads to an approximated expression for Re[Z;],

e (G-1) (G+1) G*(a—b)*

‘In (%) + 1} e (G)}, (40)

™

with D = Gczl;:b). This formula is valid for ® > 1/2. For d = 0 one recovers D = 0 and

G = 1/® and one obtains an approximation of the result of Morse and Ingard®, with an error
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of the order of 10™* for a porosity ® = 1/10. This error decreases for decreasing porosities.
Using Eq. 11 one can find the resistive end-correction.

For an asymmetric slit, the dissipation of the transition, in this case, is the sum of the
dissipation of the wall with an edge and the dissipation at the opposite flat wall. The same
integrals can be solved by changing the integration to (; — oo, (s — —oo and (y can
be found solving numerically the equation 2y = z({y) = ia, using Henrici’s transformation

formula (Eq. 25).
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