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In this study, we investigate the stability behaviour of a domestic boiler system, when the heat
absorption rate at the heat exchanger (hex) varies with the mean flow velocity and with the am-
plitude of velocity fluctuations upstream of the hex. The domestic boiler system is modelled as
a 1D quarter-wave resonator (open at one end and closed at the other). The hex is placed near
the closed end, and the flame is upstream of the hex. The flame is modelled as a compact heat
source, assumed to follow a basic n − τ law. The heat absorption rates at the hex are treated as
amplitude-dependent and are calculated in two ways: (1) computed from numerical simulations
and (2) from an empirical correlation based on King’s law for the heat release rate of a hot wire.
The stability analysis is done in the frequency domain, and the stability predictions are carried out
using the classical eigenvalue method.
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1. Introduction

One of the major concerns in the operability of power generation systems is their susceptibility
to combustion instabilities. In the present work, we focus our attention on the thermoacoustic insta-
bilities in small and compact power generation units, which have both the heat source and the heat
exchanger (hex) housed in the combustion chamber. A common example of such a unit is a domestic
boiler. The stability behaviour is not just determined by the flame (a heat source), but also by the hex,
which acts as a heat sink as well as an acoustic scatterer. In works dating back to the 1850s, Bosscha
[1] and Riess [2] discussed the influence of a heat sink on the stability of a Rijke tube. They observed
loud pressure oscillations when a cold wire gauze (i.e., a heat sink) was placed at the upper extremity
of a Rijke tube and exposed to a hot cross-flow.

Surendran et al. [3, 4] have shown the passive control capability of cavity-backed heat exchangers
with bias-flow, by appropriately varying the cavity length and the mean bias-flow. They looked at the
linear stability of a quarter-wave resonator with a heat source near the open end and a heat exchanger,
placed near the closed end of the resonator. The present study is an extension of the work by Surendran
et al. [4], in that we now consider a hex, which responds to velocity fluctuations with an amplitude-
dependent heat absorption rate. Any other amplitude-dependence is ignored, i.e., we assume that the
amplitude of the velocity fluctuations does not affect the n− τ law for the heat source or the acoustic
scattering at the hex tube row. In other words, only the heat absorption rate at the heat sink is treated
as nonlinear. We will evaluate the heat absorption rates through numerical simulations as well as by
using an empirical formula given in Heckl [5].
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2. Description of system

The configuration studied is similar to the one given in [4]. It consists of a quarter-wave resonator
with both heat source (flame) as well as heat sink (hex) as shown in Fig. 1. The upstream end, x = 0,
is open and the corresponding reflection coefficient is given by R0 = −1. The heat source is located
at a distance lf from the upstream end and the hex is located at x = L. The distance between the
hex tube row and the closed downstream end of the resonator, referred to as cavity length, is denoted
by lc. The heat source and the hex divide the resonator into a cold upstream region (Region 1), hot
intermediate region (Region 2) and a relatively (with respect to Region 2) cold downstream region
(Region 4).

p+1 p+2

p−1 p−2

x = 0 x = lf x = L

Heat Source

1 2

Heat Exchanger

lc

Piston

R0 4

RL

Rp

Figure 1: Schematic of the combustion system being studied.

The acoustic waves are assumed to be one-dimensional and propagating perpendicular to the hex
tubes (normal incidence). The speeds of sound (c1,2,4) and mean temperatures (T̄1,2,4) are uniform
within each region, where T̄1 < T̄4 < T̄2 and subsequently c1 < c4 < c2. The acoustic pressure and
velocity fields within the combustion system are denoted as

pr(x) = p+
r + p−r = Are

ikr(x−lf) +Bre
−ikr(x−lf) , (1)

ur(x) = u+
r + u−r =

1

ρrcr

{
p+
r − p−r

}
, (2)

where p+ and p− are the forward and backward travelling pressure waves respectively, A and B are
the pressure amplitudes and u+ and u− are the acoustic velocities corresponding to p+ and p− respec-
tively. The subscript ’r’ denotes the region within the combustor, ω is the frequency of the acoustic
wave, cr is the speed of sound inside the resonator, kr = ω/cr is the wavenumber and ρr is the density
of the medium within the resonator. The factor e−iωt is omitted throughout the analysis.

The heat source is assumed to be compact, planar and confined to an infinitesimally thin region at
x = lf . The heat release rate fluctuation (Q̂f ) is assumed to follow the time-lag law, and to depend
on the velocity fluctuations at the location, lf , with a time-lag τ and an interaction index n i.e.,

Q̂f (x, ω) = n u1(x)eiωτδ (x− lf ) . (3)

With Eq. (2), Q̂f (x, ω) can be expressed in terms of the acoustic pressure as

Q̂f (x, ω) |x=lf = n eiωτ
(
p+

1 − p−1
)

ρ1c1

. (4)

Across the heat source, at x = lf , we assume continuity of pressure,

p+
1 + p−1 = p+

2 + p−2 , (5)
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and a velocity jump generated by the heat source [6]

(
u+

2 + u−2
)
−
(
u+

1 + u−1
)

=
(γ − 1)

Sρ1c2
1

Q̂f , (6)

where S is the cross-sectional area of the duct and γ is the ratio of the specific heat capacities.

3. Heat exchanger modelling

The hex at x = L acts as both heat sink and acoustic scatterer. These two physical processes
are modelled and treated as individual processes, separated by an infinitesimal distance (∆x). The
heat sink is located at a distance x = (L − ∆x) from the inlet and the acoustic scatterer (array of
tubes) is located at x = L. The modelling of the heat sink is discussed in the following section.
Since the modelling of the acoustic scattering and the derivation of the effective reflection coefficient
of the cavity-backed heat exchanger are beyond the scope of our present analysis, the details are
not provided in this paper. However, their details can be found in [4, 7]. We only make use of the
expression for the effective reflection coefficient i.e.,

Reff = Ru +
Td→u Tu→d Rp e

2ik4lc

1−Rd Rp e2ik4lc
, (7)

whereR and T are the reflection and transmission coefficients, the subscripts u and d denote upstream
and downstream characteristics and the subscript p denotes piston, and lc is the cavity length. Tu→d is
the upstream to downstream reflection coefficient, Td→u is the downstream to upstream transmission
coefficient, Ru is the upstream reflection coefficient and Rd is the downstream reflection coefficient.
These transmission and reflection coefficients are the elements of the total scattering matrix of the
hex which includes the effects of both the heat sink and the acoustic scattering, and they depend on
parameters like temperatures and speeds of sound within the resonator, bias flow velocity, geometry
of the hex tubes, heat sink properties etc.

3.1 Heat sink

The heat transfer process at the hex can be modelled in two ways: using numerical simulations
as shown in Surendran et al. [4], or using an analytical expression like the King’s Law or the Heckl
correlation [5]. We will use both methods. First we perform numerical simulations to evaluate the
heat absorption rate at the hex and subsequently obtain the heat absorption rate law using a transfer
function approach. Then we will calculate the heat absorption rate from the Heckl correlation and
compare these results with the simulation results.

The heat exchanger transfer function (HTF), which relates the heat absorption rates at the hex to
the upstream velocity fluctuations is defined as

HTF =
Q̂h/Q̄h

u/ū
, (8)

where Q̂h and u are the heat absorption rate fluctuation and the upstream velocity fluctuation respec-
tively, in the frequency domain, and Q̄h and ū are the corresponding mean quantities. Given the HTF,
we can now deduce the Q̂ − u relationship from Eq. (8). In analogy to Eqs. (5) and (6), we have the
following jump conditions across the heat sink:

continuity of pressure,
p+

2 + p−2 = p+
3 + p−3 , (9)
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and a velocity jump generated by the heat sink,(
u+

3 + u−3
)
−
(
u+

2 + u−2
)

=
(γ − 1)

Sρ2c2
2

Q̂h . (10)

3.1.1 Numerical simulation approach

In the numerical simulation method, the transient heat transfer response of the hex to the incoming
velocity fluctuations is obtained using the transfer function approach [8] and a semi-empirical model
is derived for the response using a constrained least squares method. Numerical simulations were
conducted with the transient CFD solver, ANSYS Fluent 15.0. A 2-D, laminar, incompressible flow
was assumed in the domain. Rather than modelling the array of tubes, the computational domain was
limited to half of a tube and half of a gap between the tubes, with symmetric boundary conditions
on either side. At the inlet and outlet, ‘velocity inlet’ and ‘pressure outlet’ boundary conditions were
imposed, respectively.

In order to apply the transfer function approach, a ‘step’ perturbation was introduced at the inlet.
The total velocity after the step perturbation was u(t) = ū + u′, where ū is the mean inlet velocity
before the step and u′ is the magnitude of the step perturbation at the inlet. The resulting heat transfer
at the hex was Qh(t) = Q̄h + Q′h, where Q̄h is the mean heat transfer at the hex before the step and
Q′h is the change in the heat transfer due to the velocity change. The transient simulations give the
time response of the hex, which is then converted to the frequency response by fast Fourier transform
i.e., u′(t) FT−−→ u(ω) and Q′h(t)

FT−−→ Q̂h(ω).

Figure 2 shows the HTF obtained from numerical simulations for a hex with tubes of diameter (d)
3mm, and a gap of 0.3mm (hg) between them. The incoming velocity is ū = 1.0m/s and the amplitude
ratios of the velocity fluctuations, A/ū are 0.05, 0.1, 0.5 and 1.0. From the Fig. 2(a) we can observe
that |HTF| exhibits a low pass behaviour and the |HTF| decreases slightly with increasing A/ū for
low frequencies. The phase of the HTF is shown in Fig. 2(b); the curves for the various amplitudes
are quite similar for low frequencies, but at higher frequencies, the phase increases with amplitude
ratio A/ū.
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Figure 2: (a) |HTF| and (b) Φ(HTF) obtained from numerical simulations, for d = 3mm, hg = 0.3mm, ū =
1.0m/s and different velocity amplitudes.

3.1.2 Heckl correlation

The Heckl correlation [5] can be looked at as a modification to the nonlinear King’s law, and it
relates the heat transfer rates across a heated wire to the upstream velocity fluctuations. This relation
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has been empirically derived and predicts a nonlinear behaviour once the velocity amplitudes exceed
about one third of the mean velocity. The Heckl correlation is given by

Q(t) = Lw (Tw − T )

{
κ+ 2

√
πκcvρ̄d/2

[(
1− 1

3
√

3

)√
ū+

1√
3

√∣∣∣ ū
3

+ u′(t− τh)
∣∣∣]} , (11)

where Lw is the length of the wire, Tw is the temperature of the wire, T is the temperature of the
surrounding air, κ is the thermal conductivity of air, cv is the specific heat of air at constant volume,
ρ̄ is the mean density, d is the diameter of the wire and τh = 0.2 d/ū is the time-lag between the
heat transfer and velocity as determined by Lighthill [9]. The HTFs obtained using Eq. (11) in (8)are
shown in Fig. 3 for ū = 1.0m/s. From the Fig. 3(a) we can observe that |HTF| does not exhibit low
pass behaviour. It remains almost a constant for the whole frequency range considered. Nevertheless,
we can observe that |HTF| decreases with increasing A/ū. The phase plots in Fig. 3(b) all have
constant slopes that are equal to τh (as expected).
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Figure 3: (a) |HTF| and (b) Φ(HTF) obtained from the Heckl correlation, for d = 3mm, hg = 0.3mm, ū =
1.0m/s and different velocity amplitudes.

4. Stability Analysis

The combustion system shown in Fig. 1 can now be reduced to that of a duct, open at one end
(x = 0) and having a reflection coefficient of Reff at the other end (x = L). The heat source is
located at x = lf . The stability of the combustor is determined using the eigenvalue method [10] and
the following conditions are used along with Eqs. (5) and (6) to form the characteristic equation of
the system.

At x = 0,
p+

1 = R0 p
−
1 (12)

At x = L,
p−2 = Reff p

+
2 (13)

where R0 and Reff are the reflection coefficients at x = 0 and x = L respectively.

Equations (5), (6), (12) and (13) are written as a matrix equation as

[Y (Ω)]


p+

1

p−1
p+

2

p−2

 =


0
0
0
0

 , (14)
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with matrix

[Y (Ω)] =


e
−i Ω

c1
lf −R0 e

i Ω
c1
lf 0 0

0 0 RL e
i Ω
c2

(L−lf) e
−i Ω

c2
(L−lf)

1 1 −1 −1
−
(
1 + β eiΩτ

) (
1 + β eiΩτ

)
ζ12 −ζ12.

 , (15)

where β = (n(γ − 1)) / (Sρ1c
2
1) and ζ12 = (ρ1c1) / (ρ2c2). The characteristic equation, det Y (Ω) =

0, is solved numerically by the Newton-Raphson method or bisection method. The solution, Ω, is a
complex quantity of the form Ωm = ωm+ iδm, whose real part, ωm, gives the natural frequency of the
mode m, and the imaginary part, δm, gives the growth rate. The stability of the mode is determined
from the sign of δm. Positive δm indicates instability and negative δm indicates stability.

4.1 System parameters

The combustion system parameters used in our analysis are shown in Table 1.

Table 1: List of system parameters.

Parameter Notation Value

Temperature [K]
T1 340
T2 1500
T4 610

Density [kg/m3] ρ1 1.2
Speed of sound [m/s] c1 341

Duct length [m] L 1
Cross sectional area [m2] S 0.0025

Cavity length [m] lc [0,..,L/2]
Heat source location [m] lf [0,..,L]

Time-lag law parameters
n [kg m/s2] 187

τ [s] 0.15× 10−3

Heat exchanger
d [m] 0.003
Lw [m] 0.75
Tw [K] 340

4.2 Stability maps

In this analysis, we are interested in the influence of the amplitude of the velocity fluctuations
incident on the hex (A/ū), the cavity-length (lc) and the heat source location (lf ). The stability maps
are constructed in the lc− lf plane. The dark regions indicate instability and the white regions indicate
stability. Stability of the first mode of the system is determined from the sign of the growth rate, δ1,
as aforementioned.

Figures 4 and 5 show the stability maps obtained from numerical simulations and Heckl corre-
lation respectively. The dashed lines are the boundaries between the stable and unstable regions in
subplots (a). From, these results, we can conclude that the amplitude of the velocity fluctuations are
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very important in determining the stability of the combustion system. Here, an increase in A/ū tends
to destabilise the system. This trend is exhibited by both models, albeit rather more strongly for the
Heckl correlation.
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0.1 0.2 0.3 0.4 0.5

Unstable

Stable(d)
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Figure 4: Stability maps for d = 3mm, hg = 0.3mm, ū = 1.0m/s and (a) A/ū = 0.05, (b) A/ū = 0.1 (c) A/ū =
0.5 and (d) A/ū = 1.0, from numerical simulations.
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Figure 5: Stability maps for d = 3mm, hg = 0.3mm, ū = 1.0m/s and (a) A/ū = 0.05, (b) A/ū = 0.1 (c) A/ū =
0.5 and (d) A/ū = 1.0, from Heckl correlation.

5. Conclusion and Outlook

Stability analysis was conducted on a quarter-wave resonator including a heat source and a heat
exchanger near the downstream closed end. The heat sink was modelled using two approaches: nu-
merical simulation approach and an analytical approach. The key parameter in the stability predic-
tions is the amplitude of the velocity fluctuations upstream of the heat exchanger. We observe that
an increase in the amplitude of the velocity fluctuations tend to destabilise the system. This trend is
observed in both numerical as well as analytical calculations. An initial interpretation, which will
need to be confirmed, is that hex tubes become less effective as a heat sink as the amplitude increases.
Presently, work is in progress to analyse this system in detail and to fully understand the effect of the
amplitude of the velocity fluctuations.
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