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One of the major concerns in the operability of power generation systems is their susceptibility to
combustion instabilities. In this work, we aim to examine the effective use of heat exchangers, an
integral component in any power generation system, to passively control combustion instability.
The combustor is modelled as a quarter-wave resonator (1-D, open at one end, closed at the
other) with a compact heat source within, which follows time lag law for heat release. The heat
exchanger (hex) is modelled as an array of tubes with bias flow and is placed near the closed
end of the resonator, causing it to behave like a cavity-backed slit plate: an effective acoustic
absorber. For simplicity and ease of analysis, we treat the physical processes of heat transfer and
acoustic scattering occurring at the hex as two individual processes separated by an infinitesimal
distance. The aeroacoustic response of the tube array is modelled using a quasi-steady approach
and the heat transfer across the hex is modelled by assuming it to be a heat sink. Unsteady
numerical simulations were carried out to obtain the heat exchanger transfer function (HTF),
which is the response of the heat transfer at hex to upstream velocity perturbations. Combining
the aeroacoustic response and the HTF, in the limit of the infinitesimal distance between these
processes tending to zero, gives the net influence of the hex. Other parameters of interest are the
heat source location and the cavity length (the distance between the tube array and the closed end).
We then construct stability maps for the first resonant mode of the aforementioned combustor
configuration, for various parameter combinations. Preliminary observations show that stability
can be achieved for a wide range of parameters.

1. Introduction

Combustion systems are often affected by thermo-acoustic instabilities caused by a positive feed-
back between the acoustic pressure fluctuations and the unsteady heat release rate. In this study, we
aim to investigate the effective use of heat exchangers to passively control the thermo-acoustic in-
stability, by tuning the downstream acoustic properties of the combustion system. Our combustor
is modelled as a quarter-wave resonator with a compact heat source. The heat exchanger (hex) is
located near the closed end (downstream) of the resonator, causing it to behave like a cavity-backed
tube row. The influence of hex on the stability of the combustor is examined through its aeroacoustic
response to the incoming acoustic fluctuations as well as its heat transfer response to the upstream
velocity fluctuations. These two physical processes are modelled and treated as individual processes,
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separated by an infinitesimal distance. The aeroacoustic response of the hex tube row is modelled
using the quasi-steady approach [1, 2] and the heat transfer response is obtained semi-empirically, us-
ing numerical simulations in ANSYS Fluent [3, 4] and curve-fitting approximations. The numerical
simulations enable us to obtain a realistic heat transfer response of the hex.

2. Description of the system

The investigated combustion system consists of a quarter-wave resonator with both heat source
(flame) as well as heat sink (hex) as shown in Fig. 1. The upstream end, x = 0, is open and the
corresponding reflection coefficient is given by R0 = −1. The heat source is located at a distance
lf from the upstream end and the hex is located at x = L. There are two processes occurring at the
hex: the heat transfer at x = ls and the acoustic reflection and transmission of incoming acoustic
waves at x = L. For ease of analysis, we treat these processes as individual processes separated
by an infinitesimal distance, ∆x = L − ls. The distance between the hex tube row and the closed
downstream end of the resonator, referred to as cavity length, is denoted by lc. The effective reflection
coefficient of the hex (including heat transfer) backed by this cavity (shaded area in Fig. 1) is denoted
as Reff , which is derived in the subsequent sections.

p+1 p+2

p−1 p−2

x = 0 x = lf x = L

lc

Heat Source

1 2

p+3

p−3

p+4

p−4

x = ls

3 4

Heat Sink

∆x

R0 Reff

Acoustic transmission

Piston
and reflection

1

Figure 1: Schematic of the combustion system showing the incoming and reflected acoustic waves
and those locations where different phenomena are assumed to occur.

2.1 Acoustic field

The acoustic waves are assumed to be one-dimensional and propagating perpendicular to the rods
(normal incidence). The speed of sound and the temperature are assumed to be uniform throughout
the resonator. The acoustic pressure and velocity fields within the combustion system are denoted as

pr(x) = p+
r + p−r = Are

ik(x−lf) +Bre
−ik(x−lf) , (1)

ur(x) = u+
r + u−r =

1

ρ0c0

{
p+
r − p−r

}
, (2)

where p+ and p− are the forward and backward travelling pressure waves respectively, A and B
are the pressure amplitudes and u+ and u− are the acoustic velocities corresponding to p+ and p−

respectively. The subscript ‘r’ denotes the region within the combustor, ω is the frequency of the
acoustic wave, c0 is the speed of sound inside the resonator, k = ω/c0 is the wavenumber and ρ0 is
the density of the medium within the resonator. The factor e−iωt is omitted throughout the analysis.

3. Model for the heat source

The heat source is assumed to be compact, planar and confined to an infinitesimally thin region
at x = lf . The heat release rate (Q̂f ) is assumed to follow the time-lag law, and to depend on the
velocity fluctuations at the location, lf , with a time-lag τ and an interaction index n i.e.,

Q̂f (x, ω) = n u1(x)eiωτδ (x− lf ) . (3)
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With Eq. (2), Q̂f (x, ω) can be expressed in terms of the pressure

Q̂f (x, ω) |x=lf = n eiωτ
(
p+

1 − p−1
)

ρ0c0

. (4)

Across the heat source, at x = lf , we assume continuity of pressure,

p+
1 + p−1 = p+

2 + p−2 , (5)

and a velocity jump generated by the heat source [5],(
u+

2 + u−2
)
−
(
u+

1 + u−1
)

=
(γ − 1)

Sρ0c2
0

Q̂f , (6)

where S is the cross-sectional area of the duct and γ is the ratio of the specific heat capacities.

4. Model of the heat sink

In this analysis, the hex is treated as a heat sink. The transient heat transfer response of the
hex to the incoming velocity fluctuations is obtained using the transfer function approach [3] and
a semi-empirical model is derived for the response using constrained least squares method. Nu-
merical simulations were conducted using the transient CFD solver, ANSYS Fluent 15.0. A 2-D,
laminar, incompressible flow was assumed in the domain. Rather than modelling the array of tubes,
the computational domain was limited to half of the tube and half of the gap between the tubes, with
symmetric boundary conditions on either side. At the inlet and outlet, ‘velocity inlet’ and ‘pressure
outlet’ boundary conditions were imposed, respectively (Fig. 2).

wall at constant velocity pressure symmetry
temperatureinlet outlet

d

hg /2

Figure 2: Meshed geometry with boundary conditions.

Across the heat sink, at x = ls, we assume both pressure continuity,

p+
2 + p−2 = p+

3 + p−3 , (7)

and velocity jump generated by the heat sink,(
u+

3 + u−3
)
−
(
u+

2 + u−2
)

=
(γ − 1)

Sρ0c2
0

Q̂h , (8)

where Q̂h is the heat transfer rate at hex, which will be calculated in subsequent sections.

4.1 Numerical results for the Q̂− u relationship

In order to apply the transfer function approach, a ‘step’ perturbation was introduced at the inlet.
The total velocity after the step perturbation will be U(t) = U0 + u, where U0 is the mean inlet
velocity before the step and u is the magnitude of the step perturbation at the inlet. An increment of
u = 5% of U0 was chosen to avoid any nonlinearities inherent in the system. The heat transfer at hex
will then be: Q(t) = Qh,0 +Qh, whereQh,0 is the mean heat transfer at the hex before the step andQh

is the change in the heat transfer due to the velocity change. The transient simulations give the time
response of the hex, which is then converted to the frequency response by fast Fourier transformation
i.e., u(t)

FT−−→ û(ω) and Qh(t)
FT−−→ Q̂h(ω).
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The heat exchanger transfer function (HTF), which is defined as

HTF =
Q̂h/Qh,0

û/U0

, (9)

is then calculated. Given the HTF, we can now deduce the Q̂− u relationship from Eq. (9). HTF is
a complex quantity with both magnitude, |HTF|, and phase, Φ(HTF), and they depend on the flow
field, geometry and frequency of the incoming perturbation. Hence, it is necessary to empirically ob-
tain the expressions for HTF. Figures 3 (a) and (c) show the |HTF| and Φ(HTF) variations obtained
for d = 3mm and hg = 0.3mm, for incoming velocities U0 = 0.1, 0.2 and 0.5 m/s.

4.2 Analytical approximation for the Q̂− u relationship

The empirical expressions for HTF were obtained by assuming the following trial solutions for
its magnitude and phase,

log (|HTF|) =

{
a0 + a1f + a2f

2 f ≤ fp
b0 + b1

√
f f ≥ fp

(10)

Φ (HTF) =

{
e0 + e1f + e2f

2 + e3f
3 + e4f

4 f ≤ fp
g0 + g1

√
f + g2f + g3

(√
f
)3

+ g4f
2 f ≥ fp

(11)

am, bm, em and gm are coefficients which are determined by a constrained least squares method
[6]. Constrained are imposed at the first frequency value (f0) as well as an intermediate frequency
(fp). Figures 3 (b) and (d) show the approximated |HTF| and Φ(HTF) for incoming velocities
U0 = 0.1, 0.2 and 0.5m/s. Here, fp is 500Hz for the magnitude approximation of HTF and 200Hz
for the phase approximation of HTF.

Substituting Eqs. (10) and (11) into Eq. (9) and taking û to be the acoustic velocity fluctuation at
x = ls, we obtain,

Q̂h =
(
u+

2 + u−2
)

(Qh,0/U0)
{
|HTF| eiΦ(HTF)

}
(12)
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Figure 3: Comparison of |HTF| and Φ(HTF) obtained from numerical simulations ((a) and (c)) with
their approximations ((b) and (d)), for d = 3mm, hg = 0.3mm and different velocities, U0.
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5. Model for the acoustic transmission and reflection coefficients of the
hex

The tube row geometry is approximated to that of a duct with two half cylinders separated by a
gap height of hg (Fig. 4). Due to low Mach number, the flow within the approximated geometry is
assumed to be incompressible and inviscid, except near the walls of hex tube where the viscous effects
are confined to the boundary layer. Using conservation of mass (continuity) and momentum equations
across different regions, one can derive the expressions for the transmission

(
T±
h

)
and reflection

(
R±
h

)
coefficients [1] as,

T±
h =

2

2 +M3 (Sp/Sj − 1)2 , (13)

R±
h =

M3 (Sp/Sj − 1)2

2 +M3 (Sp/Sj − 1)2 , (14)

where M3 = U0/c0 is the Mach number upstream of the tube row, U0 is the incoming flow speed, c0

is the speed of sound, S is the cross-sectional area of the duct and the subscripts ‘p’ and ‘j’ denote
the duct and jet properties respectively. The assumption of incompressibility holds only in those
cases where the jet Mach number (Mj) is much smaller than 1. As Mj approaches 1, compressibility
effects must be accounted for. Surendran et. al. [2] have derived and experimentally validated the
expressions for the acoustic transmission and reflection coefficients of the geometry given in Fig. 4,
in the case of compressible flow.
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Figure 4: Schematic of the flow within the domain.

6. Model for the combined elements near the downstream end

The effective reflection coefficient Reff , is the combined reflection coefficient of the backing
plate, the hex located at a distance lc in front of the plate and also the heat transfer process taking
place at the hex (Fig. 1). In this analysis we assume the heat transfer process, given by Eq. (12), to
happen at an infinitesimal distance ∆x = L− ls upstream of the actual hex geometry. The following
conditions along with Eqs. (7) and (8) are used to obtain the effective reflection coefficient (Reff ) of
the cavity-backed hex with heat transfer.

At x = L+ lc ,
p−4 = p+

4 (complete reflection at the wall) . (15)

At x = L, using Eqs. (13) and (14),

p+
4 = T+

h p+
3 +R−

h p
−
4 , (16)

p−3 = R+
h p

+
3 + T−

h p−4 . (17)

Combining Eqs. (7) and (8) with Eqs. (15 - 17), we get the effective reflection coefficient as

Reff =

(
p−2
)(

p+
2

) =
α + (2 + α)R e2ik∆x

(2 + α) + αR e2ik∆x
, (18)
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where α =
(
(γ − 1) (Qh,0/U0)

{
|HTF| eiΦ(HTF)

})
/ (Sρ0c

2
0), includes the effect of the heat transfer

occuring at hex and

R = R+
h +

T+
h T−

h e2iklc

1−R−
h e

2iklc
(19)

includes the effect of the geometry of the hex as well as the cavity [7].

In the limit of ∆x→ 0, we get

Reff =
α + (2 + α)R

(2 + α) + αR
. (20)

7. Stability maps for the complete system

The combustion system shown in Fig. 1 can now be reduced to that of a duct, open at one end
(x = 0) and having a reflection coefficient of Reff at the other end (x = L). The heat source is
located at x = lf . The stability of the combustor is determined using the eigenvalue method [8] and
the following conditions are used along with Eqs. (5) and (6) to form the characteristic equation of
the system.

At x = 0,
p+

1 = R0 p
−
1 (21)

At x = L,
p−2 = Reff p

+
2 (22)

where R0 and Reff are the reflection coefficients at x = 0 and x = L respectively.
Equations (5 - 6) and (21 - 22) are written as a matrix equation

[Y (Ω)]


p+

1

p−1
p+

2

p−2

 =


0
0
0
0

 , (23)

with matrix

[Y (Ω)] =


e
−i Ω

c0
lf −R0 e

i Ω
c0
lf 0 0

0 0 Reff e
i Ω
c0

(L−lf) e
−i Ω

c0
(L−lf)

1 1 −1 −1
−
(
1 + β eiΩτ

) (
1 + β eiΩτ

)
1 −1

 , (24)

where β = (n(γ − 1)) / (Sρ0c
2
0). The characteristic equation, det Y (Ω) = 0, is solved numerically

by Newton-Raphson method or bisection method. The solution, Ω, is a complex quantity of the form
Ωm = ωm + iδm, whose real part, ωm, gives the natural frequency of the mode m, and the imaginary
part, δm, gives the growth rate. The stability of the mode is determined from the sign of δm. Positive
δm indicates instability and negative δm indicates stability.

7.1 Properties of the system

Fluid properties :
co = 340m/s (speed of sound)
ρo = 1.2 kg/m3 (density of medium)
γ = 1.4 (ratio of specific heat capacities)
Duct properties :
S = 0.05× 0.05m2 (cross-sectional area of the duct)
L = 1m (length of the duct)
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Heat release rate model :
τ = 0.15× 10−3 s (time-lag)
n = 187 kg m/s2 (interaction index)
Heat source location : lf ε [0, L]
Cavity length : lc ε [0, L/2]

7.2 Stability Maps

In this analysis, we are interested in the influence of the velocity of the flow incident on the hex
(U0), the cavity-length (lc) and the heat source location (lf ). The stability maps are constructed in the
lc − lf plane. The dark regions indicate instability and the white regions indicate stability. Stability
of the first mode of the system is determined from the sign of the growth rate, δ1, as aforementioned.
Firstly, we construct the stability map for the combustion system without the heat exchanger tube row.
In the absence of the hex, lc is the extension to the duct length, L. The total length of the combustor
will now be L + lc. As expected, the resonator is always unstable (Fig. 5), regardless of the depth of
the cavity or the location of the heat source.
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Figure 5: Stability map without hex and bias flow.

Next, we introduce the heat exchanger into the system. Figures 6 (a)-(c) show the stability maps
obtained for different flow velocities. We observe that the region of stability increases as the velocity
increases. Moreover, we can use a smaller cavity to stabilise the combustor, if we choose the flow
velocity appropriately.
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Figure 6: Stability maps for d = 3mm, hg = 0.3mm and (a) U0 = 0.1m/s, (b) U0 = 0.2m/s and (c) U0 =
0.5m/s.

8. Conclusion and outlook

Stability analysis was conducted on a quarter-wave resonator including a heat source and a heat
sink near the downstream closed end. In this analysis, we have included both the acoustic response
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and a realistic heat transfer response of hex tube row. We observed that the unstable mode of the
combustor can be stabilised by appropriately choosing the incoming flow velocity and the cavity
length. Presently, work is in progress to extend the analysis to more realistic heat exchangers, e.g.
multiple rows or other cross-sections.
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