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Thermo-acoustic instabilities induced by heat release fluctuations can result in large pressure
oscillations which shorten the life of gas turbine combustion systems and can result in critical
damage to the components. This article is directed to the refinement of the Green's function ap-
proach to determine the stability of the evolution of the acoustic velocity perturbations in a gas
turbine combustion system. The Green's function describes the acoustic field as a superposition
of modes, and the resulting integral equation incorporates the acoustic feedback effect that oc-
curs between the heat release and the acoustic velocity at the flame. In this article, different
Flame Transfer Functions (FTF) will be employed and assessed against experimental measure-
ments obtained in a full-scale atmospheric combustion test rig fitted with an industrial gas tur-
bine burner. This article will demonstrate that the Green's function approach is a reliable tool for
investigating the evolution of the acoustic velocity in a gas turbine combustion system, and
permits to obtain useful results on its stability behavior in a computationally inexpensive way.

1. Introduction

Heat release inside a duct can result in large-amplitude pressure oscillations when there is posi-
tive feedback between heat release and pressure oscillations [1]. This paper has the objective of
demonstrating that the Green’s function approach developed in [2], [3] is a valuable tool to predict
the conditions at which this positive feedback occurs in a gas turbine combustor for energy produc-
tion.

This article is structured as follows: first, a brief description of the experiments carried out to in-
vestigate the acoustic behavior of an Ansaldo’s burner will be presented. Then, the modelling as-
sumptions as well as a brief review of the Green’s function formulation are explained. Next, the
numerical results obtained from the Green’s function approach will be compared to the amplitudes
and frequencies of the acoustic waves measured in the experiments. The last section will be devoted
to a discussion of the code results.

2. Experiments in the atmospheric test rig

The atmospheric test rig is composed of two cylindrical volumes (the plenum and the combus-
tion chamber) and a full-scale Ansaldo’s burner situated between them. The test rig configuration is
shown in Figure 1. Further detail about the rig can be found in [4].
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Figure 1: Combustion test rig and outlet perforated disk [4].

The air is taken from the environment, and is later preheated to 623K. After this, the air flow is
introduced in the plenum, from where it travels to the burner. Inside the burner, fuel and air are
mixed. The mixture of fuel and air passes to the combustion chamber, where the combustion takes
place. The exhaust gases are extracted from the combustion chamber near the chamber exit. The
combustion takes place approximately at a constant mean pressure equal to the ambient pressure.
The walls of the plenum are rigid. The lateral walls in the combustion chamber are made of refrac-
tory material in order to prevent heat losses to the environment. The end-wall of the combustion
chamber consists of a multi-perforated disk. The end-wall in the plenum is a solid disk. The length
of the combustion chamber and of the plenum can be adjusted independently by means of movable
pistons. The acoustic pressure measurements inside the combustion chamber were obtained by
means of several microphones located on the combustion chamber wall at different axial locations.
The acoustic field inside the cylindrical volumes is reconstructed using the Multi-Microphone-
Method.

3. Modelling assumptions

The acoustic field inside the cylindrical volumes is assumed to be one-dimensional, and only
sound waves travelling in the axial direction are considered. The pressure oscillations are consid-
ered to be much smaller than the mean value of the pressure, allowing the use of a linear approxi-
mation for the acoustic quantities. Since steady CFD RANS calculations of the flow inside the rig
indicated that the axial Mach number of the mean flow remains below 0.15 at all axial locations,
with an average value of around 0.04 alongside the duct, the mean flow velocity inside the duct is
neglected. This assumption is in agreement with previous investigations [5]. The heat release is as-
sumed to be concentrated in a single point. The change of temperature across the duct is modelled
by considering two distinct zones: a cold zone and a hot zone. The location of the boundary be-
tween these two zones was chosen to be identical to the heat source position, and equal to the axial
location after the burner where the temperature ceases to increase. This choice was taken after a
study of the variation of the first mode eigenfrequency when the source position and the boundary
between the hot and cold zones were changed. This study showed that the aforementioned choice
led to the closest eigenfrequency to the measured frequency in the experiments, in line with other
investigations [6].
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Figure 2: Sketch of the combustion chamber model.

Following the indications from [7], we calculated the “acoustic coupling index” for our test rig
(See equation (1)). This index is a ratio between the cross sectional areas of the premix duct (the
conduit inside the burner where the fuel is premixed) and the combustion chamber multiplied by the
ratio of the acoustic impedances in the combustion chamber (marked by the “cc” subscript) and the
plenum. The overbar means average quantity.

0 = Sductﬁcc Cee (1)

Sccﬁplenumcplenum

The value of O for the described test rig is 0.052. From [7], the acoustics inside the combustion
chamber can be considered to be unaffected by changes in the plenum. For that reason, only the
combustion chamber is considered in our mathematical model.

3.1 Mathematical treatment of the acoustic waves

The acoustic field in each zone (cold, hot) is assumed to be composed of a right and left running
wave as depicted in Figure 2. Mathematically, this is expressed in equations (2) and (3), where u is
the acoustic velocity, A and B are constants representing the mode amplitudes, Ry and R, are the
reflection coefficients at x=0 and x=L respectively, and k; is the wave number in zone “i”.

Ueora (X, t) = ———— [Roe‘kcx — e—lkcx]e—lwt @)
PcotdCcold
B ™ o
Upoe (X, 1) = _—[RLe LKpX _ ol hx]e iw 3)
PhotChot

4. Green’s function approach

In our formulation, the Green’s function G(x, x', t — t') represents the velocity potential when a
heat impulse is fired at time t” and x” axial location. It is the solution to equation (4).

10%G 0% , , )
C_ZF_EZS(t_t)é‘(x_x)

The solution of Eq. (4) is a superposition of modes with modal amplitudes g,, and mode fre-
quencies w,. This can be seen in equation (5). w,, are the system’s eigenfrequencies, which are ob-
tained as the roots of equation (6) with x=x;. x¢ is the axial location of the boundary between the
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cold and hot gas zones. The modal amplitude formula is given in equation (7). The subscript “1”
refers to the variables in the cold zone, while the subscript “2” refers to the hot zone variables.

G(x,x',t—t")=H(t—- t’)Re{ gn(x%, %, wn)ie—iwn(t—t') } (5)
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The modal amplitudes depend on the tube length, the thermodynamic properties of air, the posi-
tion of the boundary between the cold and hot zones x, the position of the source x', the reflection
coefficients at the boundaries (R, R;), and the value of the corresponding eigenfrequency w,. On
the contrary, they do not depend on the heat release characteristics.

The acoustic velocity at the heat source position, which was chosen to be identical to x, is ob-
tained as

(x7,t) = y_lft o (t"dt' + 0G| 5,5 ®)
A R N i ca| "axar T P0ox| 150
x'=xf ' =xg

cr and ¢4 are the values of the speed of sound at x; and at x,;. G denotes the Green’s function
G(x,x',t —t'), q(t") is the fluctuating part of the heat release per unit mass of air. The first term of
equation (8) represents the effect of the heat source on the acoustic velocity. The remaining two
terms account for the effect of the initial conditions. It has been assumed that the initial conditions
are (t' =0) = po6(x — xyz) and @(t' = 0) = ¢,6(x — x4), where ¢ denotes the velocity poten-
tial, and x4 is the location where the initial conditions are imposed. In our calculations x; = x;.
Details about solving equation (8) numerically can be seen in reference [3]. The calculations
showed in this article used only the first mode of the Green’s function, and the value for ¢ and ¢,

was taken as the hot zone sound speed c,.

4.1 Heat release formulation

The heat release fluctuations can be related to the acoustic velocity fluctuations by means of the
Flame Transfer Function (FTF).

1)/ 35 (©)
w(w)/U

X=Xm

FTF(w) =
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Equation (9) underlines the fact that the FTF is defined as the ratio of the heat release fluctua-
tions per unit mass of air in the frequency domain over the total heat release per unit mass of air
(Q/pS) to the acoustic velocity in the frequency domain over the mean velocity U. In our formula-
tion, all the variables inside the FTF but the heat release are taken at the position where the FTF was
measured in the experiments x,,. On the other hand, q(w) is a measure of the global heat release of
the flame, and is modelled as a thin sheet located in x¢. In the experiments, the measurement loca-
tion was inside the premix duct at the burner exit, just before the combustion chamber, so x,,, = 0
in Figure 2.

Since the code calculates the acoustic velocity at the source location x; and the FTF requires the
acoustic velocity at the measurement location x,,, a relationship between the velocities at these lo-
cations needed to be used. Reference [8] explains that these two quantities can be related through a
transfer function

S(xp) u(xy, t) Rgetkc¥m 4 g=thcXm

= = (10)
u(xmr t) S(Xm) U(Xf, t) u(xf’ t) SR Roeikcxf + e—ikcxf u(xf' t)

where an additional surface ratio term has been added to account for the fact that the measurement
location was inside the premix duct, which has a smaller cross sectional area S(x,,) than the cross
sectional area at the source location S(xy).

5. Comparison of code’s results to experiments

The post-processing of the experimental measurements showed that the acoustic field in the con-
ditions of interest at the source location was composed of a constant amplitude acoustic velocity
wave oscillating at a frequency of 0.51f., and an amplitude of 0.047us. The reference frequency
frer Was taken as the ratio of the sound speed at the hot zone ¢, to the combustion chamber length L.
The reference velocity uyes is the mean flow velocity at the source location Xs.

The measured value of the field variables and the test rig dimensions were introduced in the
code. Several Flame Transfer Functions (FTF) were tested, and the code’s results were compared to
the experimental measurements. The following subsections are dedicated to give a detailed descrip-
tion of the FTFs that predicted a limit cycle amplitude for the test rig settings.

The system’s eigenfrequencies (the eigenfrequencies of the combustion chamber without heat re-
lease), which are obtained as the roots of equation (6), are presented in Table 1.

Table 1: Tube eigenfrequencies.

Tube eigenfrequency f/fres (HZ)
First mode 0.495-0.020i
Second mode 0.931-0.020i

5.1 Van der Pol polynomial heat release formulation

The inspiration for testing the Van der Pol heat release formulation was taken from [9]. The heat
release formula

t—o)] t—0)]° 0
q'(t)=-b {nz lul(’Tme)l +ny Iu(Txmﬂl + no}u(t - 1); b= [% . (1)

where ni represent constant real coefficients, and 7 is a time delay.

ICSV23, Athens (Greece), 10-14 July 2016 5



The 23" International Congress on Sound and Vibration

Limit cycle oscillations were observed at a frequency of 0.507f. and amplitude equal to 0.047
Urer When the following parameters were used: 7 = 1.8087,.f, No=1, N1=-10, Np=-3.8E+08.Trer=1/fier.
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Figure 3: Acoustic velocity at the source for the Van
der Pol heat release formulation.

5.2 Levine-Baum heat release formulation
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Figure 4: FFT of the acoustic velocity from the Van
der Pol heat release formulation.

The shape of this flame transfer function is shown in equation (11), and was taken from [9].

q'(0) = —b{nl

u(t — 1)

X=Xm

(12)

+ no} u(t —r1)

Limit cycle oscillations were observed at a frequency of 0.507f.; and amplitude equal to
0.047urer When the following parameters were used: T = 1.8087,..¢, No=1, N;=-17.354.

Acoustic velocity at the source Vs time
0.06

0.04;
0.02;

ref

0

u/u

-0.021
-0.041

-0.06 ) ) )
0 500 1000 1500
Figure 5: Acoustic velocity at the source for the Lev-
ine-Baum heat release formulation.
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Figure 6: FFT of the acoustic velocity from the Lev-

ine-Baum heat release formulation.

ICSV23, Athens (Greece), 10-14 July 2016



The 23" International Congress on Sound and Vibration

5.3 Linear FTF with a heat release cap

As the name suggests, this FTF consists of a linear formulation that imposes a limit on the heat
release when the value of the heat release per unit mass of air becomes greater or smaller than a
certain value. The constant ¢ plays the role of limiting the heat release oscillation amplitude.

—bu(t—1) if lg'(®)| < ob 13)
q'(t) =4 ob if ¢'(t) = ob
—ob if ¢'(t) < —ob

Limit cycle oscillations were observed at a frequency of 0.507f.s and amplitude equal to
0.047ures when the following parameters were used: T = 1.8087,..5, 6=0.007.
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Figure 7: Acoustic velocity at the source for the line-  Figure 8: FFT of the acoustic velocity from the linear
ar heat release with cap formulation. heat release with cap formulation.

5.4 Stability behavior

An investigation about the behavior of the acoustic velocity when varying t, keeping all the rest
of the parameters fixed, was undertaken. The results showed that all the heat release formulations
presented above displayed the same results, which are summarized in Figure 9.
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Figure 9: Frequency at saturation for different t. (The velocity decays in the regions that separate the zones
where there are multiple points).
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6. Discussion

The fact that the same stability behavior was observed for all the FTFs presented tells us that the
stability behavior is primarily controlled by ngand t. The effect of ny and n, is very small when u’ is
of order 1. Because of that, they only play a significant role in moderating the acoustic velocity am-
plitude in order to obtain saturation, but not on the growth of the solution when u’ « 1.

The frequency of the acoustic velocity experiences a shift from the tube’s eigenfrequency due to
the effect of the heat release. The maximum frequency occurs at the boundaries between decay and
saturation zones (e.g. ©=3.7291.s). At the boundary from decay to saturation zones, the heat-driven
frequency at saturation is 3% higher than the first mode eigenfrequency. On the other hand, at the
boundaries from saturation to decay zones, the heat-driven frequency at saturation is 2.8% lower
than the first mode eigenfrequency. The same behavior occurs every 1.9611.s, wWhich is equal to the
period of the first heat-driven frequency.

7. Conclusion

The acoustic velocity calculated with the Green’s function and any of the FTFs presented in this
article displays a frequency and amplitude at saturation within 1% of the experimental measure-
ments. This result shows that the Green’s function approach is a reliable method to investigate
thermoacoustic instabilities. In particular, these results show that the assumption that the acoustic
behavior of the combustion chamber can be studied independently from the plenum is appropriate
for our test rig. Equally, the similarity between experimental and code results backs the approxima-
tion of the flame as a point source, and the division of the flow field in a cold and a hot zone as long
as the position of these points are placed at the axial point in the combustion chamber where the
temperature ceases to increase.
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