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Abstract

The dynamic response of conical laminar premixed flames to fluctuations of equivalence ratio is analyzed
in the time domain, making use of a level set method (“G-Equation”). Perturbations of equivalence ratio
imposed at the flame base are convected towards the flame front, where they cause modulations of flame
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1. Introduction

Modern low-emission combustion processes of-
ten utilize premixed combustion with lean fuel-air
mixtures. However, premixed combustion is prone
to thermo-acoustic instabilities, where positive
feedback between fluctuating heat release and
acoustics drives self-excited oscillations. Large
amplitude oscillations can cause damage to a
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combustor, thus it is necessary to understand the
physics of lean premixed combustion dynamics
and reveal key factors and interaction mechanisms
responsible for instabilities.

Premixed flame dynamics is driven mainly by
velocity and equivalence ratio perturbations. The
corresponding interaction mechanisms have been
studied extensively by means of analytical mod-
els, numerical simulations and experiments, as de-
scribed by Lieuwen [1]. First analytical studies
of the dynamic response of anchored premixed
flames to velocity perturbation were carried out by
Boyer and Quinard [2] and Fleifil et al. [3]. Schuller
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Fig. 1. Major mechanisms contributing to heat release
rate oscillations [7].
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et al. [4] presented a comprehensive treatment for
various flame shapes, and compared analytical re-
sults against numerical and experimental data. All
these studies were based on a linearized version
of the so-called G-Equation, i.e. a kinematic equa-
tion for a propagating flame front [5]. Using the
same framework, the response of laminar premixed
flames to equivalence ratio perturbations was stud-
ied by Dowling and Hubbard [6] and by Lieuwen
and co-authors [7-9].

The conventional way of representing the flame
response to both veloci gquivalence ratio
perturbations relies on the
tions (FTF) in the frequg
quency domain approad
asymptotic stability analysis, but pose§ a c
for the physics-based interpretation of transient
flow—flame interactions. A time domain approach,
based on the Impulse Response (IR) function, ap-
pears more suitable for this purpose, even though
fundamentally FTF and IR contain the same in-
formation. The IR of premixed flames to veloc-
ity perturbations was determined by Blumenthal
et al. [10] using the linearized G-Equation. The time
domain perspective allowed straightforward identi-
fication of characteristic time scales and gave addi-
tional insight into the pertinent flow—flame inter-
actions. Moreover, complete correspondence with
frequency domain results by Schuller et al. [4] could
be established.

In the present work, the impulse response
of a conical premix flame to perturbations of
equivalence ratio is derived analytically. Following
Lieuwen and co-workers [7-9], the dominant inter-
action mechanisms between fluctuations of equiv-
alence ratio and heat release rate are considered
(see Fig. 1): Firstly, perturbations in equivalence
ratio modulate the heat of reaction and the lami-
nar flame speed, which affect the heat release rate
of the flame in a direct manner [11,12]. Moreover,
changes in laminar flame speed disturb the kine-
matic balance between flow and flame, such that
the flame shape and the flame surface area are also
perturbed. This is an indirect, but important effect,

first discussed by Lawn and Polifke [11]. Other con-
tributions, i.e. flame stretch and curvature, gas ex-
pansion, flame confinement and anchoring, are not
considered in the present analysis.

Like earlier studies [2-4,7-9], the present work
uses the linearized G-Equation, but in the time do-
main. More insight into the physics of flame dy-
namics is expected to result from such a treatment.
It will be confirmed that the overall flame dynamics
can be described by the superposition of the mech-
anisms depicted in Fig. 1. The respective contribu-
tions to the overall flame response are determined
by individual IRs and relevant time scales are iden-
tified. Furthermore, an extension of the model is
proposed, which considers the effect of dispersion
on the spatio-temporal distribution of equivalence
ratio perturbations and on the flame dynamics.

The paper is structured as follows: A model for
premixed flame dynamics based on the linearized
G-Equation is described in the next section. Heat
release rate fluctuations caused by perturbations of
equivalence ratio are described in terms of impulse
responses. For each of the contributions depicted
in Fig. 1, the respective IR is derived and explained
in Section 3. Eventually the flame transfer func-
tions of Shreekrishna et al. [8] are recovered. In
Section 4, the dispersive model is introduced. Re-
sults of a validation study against numerical simu-

lation is presg@hted in Sectiogy 5.
olling IolI l l

.1. Modeling of heat release rate fluctuations

Flame dynamics can be investigated with the re-
lation ¢(t) = /f,oAHsL dA for the unsteady heat

release rate of a premixed flame in linearized form
q ) _/‘ AH' dA s, d4 4 A'(t)
S/

= = = - = = ’ (1)
q AH A fSL A A

where () and ()’ stand for the steady and fluctuating
quantities, respectively. A H is the heat of reaction,
sz is the laminar flame speed and 4 is the flame sur-
face area. The fluctuating quantities depend on the
local values of equivalence ratio ¢. The unburnt gas
density p is assumed to be constant. The major con-
tributions to heat release rate fluctuations discussed
above (see Fig. 1) appear explicitly on the r.h.s. of
the equation.

2.2. G-Equation approach for flame shape

The flame surface motion is modeled with the
G-Equation, i.e. a level set approach that reads
G - -
ﬁ—'—‘?’ VG =5, |VG|. (2)
Here v'is the flow velocity and G is the level set
function with the flame position at G =0. The
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Fig. 2. Flame configuration, important velocities and lab-
oratory (x, y) and flame aligned (X, Y) coordinate sys-
tems.

linearized G-Equation can be solved analytically
for uniform mean velocity v = (0, 7), see Fig. 2.
The assumption of linearity limits any perturba-
tions to small amplitudes in order to have an
amplitude independent flame response. The flame
aligned coordinate system “(X, Y)” is employed in-
stead of the laboratory coordinate system “(x, y)”,

see Fig. 2. The flame surface motion is assumed
to be strictly normal to the flame, mathematically
GX,Y,t)=Y — &( ubstituting the pertur-
bation in flame surf: on £(X, 7) in the lin-
earized G-Equation

0 - 0&

4+ U==V -

ot + X (
The velocities U, V and s, are illustrated in Fig.
The flame is assumed to be attached to the wall cor-
ners, i.e., £(0, 1) = 0 is used as boundary condition.
The analytical solution of Eq. (3) will be employed
to determine the contribution of flame surface area
fluctuations to the heat release rate in Section 3.3.
2.3. Impulse response (IR) for identification

A general way to quantify linear fluctuations in
heat release rate ¢’ caused by equivalence ratio per-
turbations ¢’ is the impulse response h(t), which is
defined implicitly via

@0 1
q ¢
Here the source of ¢’ is located at flame base y =
0 without loss of generality. If an impulse per-
turbation ¢'(y = 0, t) = ¢&d(¢) is imposed, where
8 is the Dirac delta function and ¢ the relative
strength of the perturbation, then correspondingly
q'(t)/eq = h(t), which is why /() is called the im-
pulse response. The effects that contribute to flame
response — see Fig. 1 and Eq. (1) — can be investi-
gated separately,

h(t) = hap(t) + hy, () + ha(2). (5)

/wh(r)d)’(y:O,l—r)dr. @)
0

The FTF Fw) is obtained from the IR
by Laplace transformation, F(s) = fooo e h(t) dt
with s = —iw.

2.4. Transport of equivalence ratio perturbations

The convective transport of equivalence ratio
perturbations may be modeled with the 1-D advec-
tion equation as

¢’ ¢’

LA LA
at ay
The analytical solution for an impulse perturbation
imposed at flame base y = 0 reads

0. (6)

/ = N\ = X
d)(x,y,t)_qbsS(Z ‘7>_¢86(t W)' )

Physically interpreted, a sudden change in equiva-
lence ratio at the flame base convects in y—direction
towards the flame tip with the flow velocity ¥.
Equation (7) also shows how this effect may
be represented in the flame-aligned coordinate
system.

3. Contributions to the flame impulse response

3.1. Fluctuations of heat of reaction

[ |
st 0 e right hand side of
(1) |stands fof|thes contribution of heat of
edction flucfiations ta'the heat release rate. The
flugtuati heaft] of Qugaction AH' caused by

the equivalence ratio perturbations ¢’ is approx-
imated by a relation AH = f(¢) from empirical
data (valid for CHy4 [7]). First order Taylor series
expansion is employed for fluctuating quantities,
AH' = dAH/d¢|,_5¢'.

By integrating AH’ over the flame surface, the
IR contribution is calculated as
hant = 5 [ 22

&

r AH A
1 dAH

e do¢

i
— == (l)’ d4 N (8)
gp=p AHA Jy

where 4 = rrL?- sina is the steady flame surface
area and d4 =27 (L, — X)sinadX is the steady
infinitesimal flame surface area for a conical flame.
By substituting ¢’ = ¢ed(r — X/W) as defined in
Section 2.4, the IR is obtained in closed form

28an

2
L%

hau(t) =

{R(t =) = R(O)+H()}. 9

where H(t) is the Heaviside function and R(?) is
the Ramp function. Sxy = (¢/AH)dAH/dp|,_;
is the sensitivity of the heat of reaction to the equiv-
alence ratio. 7. = Ly/W is a convective time scale,
which is defined as the time span for the perturba-
tion to travel from the base of the flame to its tip.
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Fig. 3. Contribution of fluctuations in heat of reaction or
laminar flame speed to the IR. Models without (—) and
with dispersion (— —).

R
Overlap, A+

Visualization of area gap and overlap due to the change
in laminar flame speed.

The IR according to Eq. (9) is plotted in Fig. 3 with
the solid line.

Laplace Transform as defined in Section 2.3 re-
covers exactly the analytical expression for the
flame transfer function obtained by Shreekrishna
et al. [8, Eq. (25)].

For the lean premixed flame, a positive impulse
perturbation in the equivalence ratio increases
the heat of reaction on the flame surface element
located at the instantaneous position of the per-
turbation. The increase in heat of reaction also
increases the heat release rate (see Eq. (1)). In
Fig. 4 a flame perturbed by a §-pulse as defined in
Eq. (7) is shown. The upper gray line (“Pertur-
bation, W) indicates the flame surface element,
whose heat of reaction is changed. The incoming
perturbation initially acts on the flame at the base,
which has the largest radius. As the perturbation
is convected towards the flame tip, the resulting
perturbation in heat release rate decreases, be-
cause the radius of the flame decreases. This fact
explains the trend shown in Fig. 3, that the IR
contribution is highest at the beginning and de-
creases until the convective time scale t., when the

perturbation reaches the flame tip, which has zero
radius.

For rich mixtures, additional fuel barely changes
the heat of reaction, which implies that the sensitiv-
ity Sap and thus also the corresponding IR are very
small.

3.2. Fluctuations of laminar flame speed

The second term on the right hand side of
Eq. (1) stands for the contribution of laminar flame
speed fluctuations to the heat release rate. The same
approach as described in Section 3.1 is employed
also for laminar flame speed contribution. The only
difference is that S,y is replaced with the sensitiv-
ity of laminar flame speed to the equivalence ratio,
Sy, = (¢/5.) ds./de|,_z. The shape of the corre-
sponding IR is shown in Fig. 3 and can be explained
with similar arguments as in Section 3.1. Again,
Laplace Transform recovers exactly the FTF of
Shreekrishna et al. [8, Eq. (24)].

For lean premixed flames the sensitivity S, is
positive and therefore the IR is positive. For rich
mixtures, additional fuel leads to a decrease in the
laminar flame speed and the IR is reversed.

3.3. Fluctuations of flame surface area
The thir(P term _on right hand side of
ion of flame surface
the heat release rate.

t
| dsifo t
fldctuati@nsjto tha'lR
han as alggadyldiscussed by Blumen-
al et'dl. [101] alBeit ontly he perturbations in

velocity. Relevant time scales of restoration 7, and
convection 7, were revealed, their impact on flame
dynamics was discussed. In the present study, a
similar approach is developed for the effects of
equivalence ratio perturbations on flame shape and
heat release rate. The similarity comes from the
fact that the perturbed flame position & depends
on V" and s, as described in the right hand side of
Eq. (3). The similarity is attributed to Eq. (3), where
V" and s, act as source terms for the perturbed
flame position &.

The first step is to compute &. Equation (3) for
&(X, t) can be formulated as an integral equation

1 [r X-X
X, t)=——= ‘NX - — dx’,
&( ) U/o sL( 0 )
(10)

where laminar flame speed fluctuations caused by
¢’ are considered solely (7' = 0). The IR contribu-
tion is calculated as

LA'(t) 2

e A4 eLjtana

ha(t) =

Ly
/ EX,1)dX .
0
(11)

In order to_calculate the closed form IR, ¢' =
pes(t — X/W) is substituted in Eq. (10) and & is

http://dx.doi.org/10.1016/].proci.2016.06.002
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] [ towards the base and creates additional flame sur-
face area indicated as “Overlap, A" in Fig. 4. At
the same time, the restoration mechanism brings
the flame to its old position and causes a deficit in
flame surface area indicated as “Gap, A~ " in Fig. 4.
Since the restoration process is slower, it acts at a
position where the flame radius is larger than the
one for the perturbation, thus the perturbed area is
less than the steady area (negative IR in Fig. 5). As
long as both processes act on the flame together,
- — the deficit of flame surface area continuously in-

(=]

h(r)

0 1 Tetr creases. At late times ¢ > 7., when the perturbation

has passed the flame, only the restorative mecha-

Fig. 5. Contribution of fluctuations of flame surface area nism acts to recover the original flame shape. The
to IR. Model without (—) and with dispersion (— —). flame surface area deficit vanishes once the restora-

tion line reaches the flame tip, which corresponds to
the restorative time scale t,.

expressed as . . .
p This section concludes with a comment on the

ds; det, X study of Cho and Lieuwen [7], who derived time

(X, 1) =~ 46| .7 —< [H( - T) domain representations of flame dynamics by in-

¢=¢ T ¢ verse Laplace transformation of frequency domain

H( X >] results. However, the IR was not recovered, because
—H(t——=|[, (12) . . . .

U a generic form of perturbations was considered in-

_ stead of an impulse perturbation. A full time do-

where 7, = L;/U is the restorative time scale, which main analysis of the flame response to a generic

is defined as the time span for the hypothetical perturbation is not straightforward and was indeed

restoration line to travel from the base of the flame not attempted by Cho and Lieuwen [7]. Instead,

to its tip. & is illustrated with an intermediate flame their results are valid only in the low-frequency,

shape perturbed wit

The upper gray 1
cates the convection
W =7/ cos(a) is thg
Since the mixture is
alence ratio perturbation is positive, the

quasi-stg@dy limit.

.I!xte d model with dispersion
n typical technical premixed combustion sys-

flame speed perturbation is also positive. An i tems, the fuel is injected from a considerable dis-
crease in laminar flame speed overcomes the flow tance upstream of the flame. This distance is impor-
velocity normal to the flame surface and the flame tant for the equivalence ratio perturbations because
propagates towards the base. of dispersion due to molecular diffusion for a lam-
Starting from the anchoring point, where inar flame. Generalization to turbulent dispersion
£(0,1) =0, the restoration mechanism [10] re- is straightforward, but not discussed further here
establishes the original, unperturbed flame shape (refer to Polifke et al. [13], Lawn and Polifke [11],
after the perturbation of equivalence ratio has Schuermans et al. [12] and Bobusch et al. [14]). As
passed. The lower gray line (“Restoration, U”) in the injection point moves further upstream, a wider
Fig. 4 indicates up to which position the restoration Gaussian distribution instead of an impulse (Dirac
process has progressed. This line travels with the function) arrives at the flame base and thus the im-
speed U = vcos(w) in X —direction. The restora- pact on flame dynamics becomes weaker.
tion line is upstream of the perturbation line, be- The model described in Section 2 and also pre-
cause of slower propagation speed. vious models [7-9] employ an advection equation
By substituting & described in Eq. (12) into as described in Eq. (6). The impact of the species
Eq. (11), the closed form IR is obtained diffusion can be accounted by considering 1-D
advection-diffusion equation with impulse pertur-
ha(t) = 28y [E{R(t —17,)— R(1)} bation at flame base y = 0, which reads
(7, — 1) L7 3¢’ N _3¢’ D82¢/ 14
~(R(— 1)~ R(z)}] I A
where D is the averaged diffusion coefficient. The
which is plotted in Fig. 5 with the solid line. Again analytical solution reads
the FTF given by Shreekrishna et al. [8, Eq. (26)] is
exactly recovered by Laplace Transform. _ 1 1 xX\?
The shape of the IR may be explained as fol- #'(x,y,1) = ¢e — P |:—T<f——) } (15)
lows: The perturbation ¢’ causes flame propagation d
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where t; = 4D/7 is the diffusive time scale, which
describes the strength of the diffusion. The solution
is expressed in the flame aligned coordinate system.
The formalism developed in Section 3 can also
be applied to the extended model. For heat of re-
action contribution, Eq. (8) is integrated with the
diffusive perturbation equation (15) instead of the
impulse equation (7) (same for laminar flame speed
contribution). The resulting IR contribution reads

Sa t
han(t) = tgH{“(’ ) -0+ rrerf(ﬁ»,
(16)

where (¢, 7) is the smoothed Ramp function de-
fined as

2
R(t— 1) = T:exp<—(1_r) )

T4t

-1
+(t r)erf(m). (17)
The contribution of laminar flame speed fluctua-
tions is the same as Eq. (16), but Say is replaced
with S, .

For flame surface area contribution, the flame
surface deviation & is determined by integrating
equation (10) again with the diffusive perturbation.
The contribution is then ed by integrating

the flame surface deviatig
*AFI)‘

S, T,
ha(t :_é _<
A( ) T((Tr - Tc) |:tr

—{R(—7) - E)?(1)}]- (18)

The resulting IRs are plotted in Figs. 3 and 5 with
dashed lines, for heat of reaction (same for laminar
flame speed) and flame surface area, respectively.

The model can be extended for the cases, where
the perturbation is imposed upstream of the flame
base, say y = —yp. The additional time lag for the
perturbation to travel till the flame base 7o = yo/V
can be accounted by change of variable of 1 = ¢* —
79 in Eqs. (15)—(18).

5. Validation against numerical simulation

A numerical simulation of a 2D axisymmetric
conical flame is performed to validate the analyt-
ical model. Length and radius of the upstream
flow duct are both 1 mm, the downstream radius
of the computational domain is 6 mm in order to
prevent confinement effects. A uniform mesh is
constructed with a cell size of 0.02 mm. Slip and
adiabatic wall boundary conditions are imposed
to correspond with the analytical framework. A
lean mixture of CHy and air (¢ = 0.8) is used,
the inflow velocity is ¥ = 1 m/s (Reynolds number
130) at a temperature of 293 K. A 2-step reduced

'y (mm) 2

Fig. 6. Flame shapes: G-Equation model vs. numerical
simulation with 2-step chemistry.

2000
1500
1000
500

s o
=500
—1000

—-1500 . ;
0 2 t (ms) 4 6

Fig. 7. Impulse response functions of conical laminar
premixed flame. Analytical model without dispersion
(—--), with diﬁersion (—) and CFD results (— —).

istry isfémployed 158 in rhoReactingFoam
nEOAM solver), whicliis modified to assume
randtl number of 0.7. e averaged molecu-

lar diffusivity was set to D = 0.22 x 10~*m?/s,
appropriate for CHy in air [16].

Figure 6 compares the distribution of steady
heat release rate from CFD against the analytical
G-Equation flame. Close to the tip, curvature ef-
fects — which are not considered in G-Equation used
—result in a comparatively shorter flame length of
the CFD model.

Broadband equivalence ratio perturbations
with an amplitude of ¢ = ¢'/¢ = 0.05 are imposed
at the inlet. The corresponding IR is determined
via system identification (for details see [17]) and
compared against the analytical model in Fig. 7.
The latter includes all three contributions discussed
above, see Fig. 1.

Including dispersion in the analytical model
gives a “smeared out” response, in qualitative
agreement with CFD. More than that, Fig. 7 shows
very good quantitative agreement between CFD
and the dispersive model for the early period ¢ <
2 ms.

At later times, the impulse response is nega-
tive before it decays to zero. This important fea-
ture, which is responsible for the excess gain of the
FTF (see below) is reproduced qualitatively by both
models based on the G-Equation. Nevertheless, it is
apparent that at later times ¢ > 2 ms quantitative

http://dx.doi.org/10.1016/].proci.2016.06.002
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Fig. 8. Gain of FTE. Analytical model without disper-
sion (- - —), with dispersion (—) and CFD results (— —).

agreement with CFD deteriorates. This is due to
the over-predicted flame length of the G-Equation
model, resulting from the neglect of curvature ef-
fects. Note that the overall duration of the IR is re-
lated to the restorative time scale 7. = L,/U. Since
the flame length L, is over-predicted, the resulting
IR is also more pronounced at late times.

Figure 8 compares the gain of the FTFs deter-
mined with the analytical model and the CFD sim-
ulation, respectively. Important qualitative features
are reproduced by both analytical model formu-
lations: the overall 19 filter behavior is ob-
served, initial oversh ﬁ is present, the low
frequency limit (see PO d co
rectly captured as unity-

The dash-dotted fline indicatg§ theQETF giro
the analytical model without disp€tsion.
shows oscillatory behavior in the high frequen
range, which is eliminated by dispersion (shown
with solid line).

Both analytical and numerical results exhibit ex-
cess gain |[FTF| > 1 at frequencies around 200 Hz.
Excess gain results from constructive superposition
of the positive and negative parts of the IR, as dis-
cussed by Huber and Polifke [19] and Blumenthal
et al. [10]. The analysis in Section 3 has shown that
the positive part of the IR results from fluctuations
in heat of reaction and flame speed, while the neg-
ative part is due to the modulation of flame surface
area. In the low frequency limit there is destruc-
tive superposition of these effects, which becomes
constructive at intermediate frequencies, resulting
in excess gain. Indeed, earlier models that did not
take into account changes in flame surface area do
not exhibit excess gain [13,20].

The intermediate frequency fmax Where the gain
attains its maximum can be roughly estimated as

Smax & (19)

T
2(tmax - lmin)7

where fn.c and fy;,, are the times where the IR
reaches maximal/minimal values. For the analytical
model with dispersion, one estimates fy.x ~ 200
Hz, which agrees with the gain of the FTF shown

in Fig. 8. For the CFD results, the negative part of
the IR appears earlier and is less pronounced (see
Fig. 6), thus excess gain occurs at higher frequen-
cies and with reduced magnitude, as seen in Fig. 8.

6. Conclusion

The response of laminar premixed flame to
equivalence ratio perturbations was studied analyt-
ically by determining the IR for heat release rate.
In the framework of the G-Equation contributions
of heat of reaction, laminar flame speed and flame
surface area were taken into consideration. Two rel-
evant time scales were identified, i.e. a convective
time scale 7. and a restorative time scale 7,. The
transport of equivalence ratio perturbations is re-
lated to 7., while the propagation of flame shape
perturbations along the flame is related to 7,. The
contributions of heat of reaction and laminar flame
speed are governed only by t., since the convec-
tive perturbations of equivalence ratio causes local
changes at the flame surface. The contribution of
flame surface area is controlled by both z. and 7,
due to the restoration mechanism. Complete agree-
ment with flame transfer functions calculated by
Shreekrishna et al. [8] was established by Laplace
transformation of IRs.
An exiension to the gnodel was proposed in or-
ersion due to molecular
odel adds one more time
rength of the dispersion.

turbation moves further
away from the flame, its impact on the flame dy-
namics becomes weaker [13].

Analytical models were compared against nu-
merical simulation by examining the respective
IRs and FTFs. Quantitative agreement was not
achieved, since the analytical G-Equation model
used in this study neglects curvature effects and
thus over-predicts the flame length. Nevertheless,
very satisfactory qualitative agreement with re-
spect to the shape of the IR and the relevant time
scales was observed. Overall, the model with dis-
persion showed significantly better agreement than
the model without dispersion.

The analysis in the paper shows that excess gain
in the flame response to equivalence ratio fluctua-
tions results from constructive superposition of the
effects of fluctuations in heat of reaction and flame
speed on the one hand, and the effects of modula-
tion of flame shape on the other.
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