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Abstract

The dynamic response of conical laminar premixed flames to fluctua-
tions of equivalence ratio is analyzed in the time domain, making use of a
level set method (” G-Equation”). Perturbations of equivalence ratio imposed
at the flame base are convected towards the flame front, where they cause
modulations of flame speed, heat of reaction and flame shape. The result-
ing fluctuations of heat release rate are represented in closed form in terms
of respective impulse response functions. The time scales corresponding to
these mechanisms are identified, their contributions to the overall flame im-
pulse response are discussed. If the impulse response functions are Laplace
transformed to the frequency domain, agreement with previous results for
the flame| frequency responsesis, observed. An extensionofithesmedel that
accounts for dispersion of equivalence ratio fluctuations due to molecular
diffusion is proposed.” The dispersive ‘model reveals the sensitivity of the
premixed flame dynamics to the distance between the flame and the fuel
injector. The model results are compared against numerical simulation of a

laminar premixed flame.

Keywords

Laminar premixed flame dynamics, Equivalence ratio perturbation, Im-

pulse response, Flame frequency response, Dispersion
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1. Introduction

Modern low-emission combustion processes often utilize premixed com-
bustion with lean fuel-air mixtures. However, premixed combustion is prone
to thermo-acoustic instabilities, where positive feedback between fluctuating
heat release and acoustics drives self-excited oscillations. Large amplitude
oscillations can cause damage to a combustor, thus it is necessary to un-
derstand the physics of lean premixed combustion dynamics and reveal key
factors and interaction mechanisms responsible for instabilities.

Premixed flame dynamics is driven mainly by velocity and equivalence
ratio perturbations. The corresponding interaction mechanisms have been
studied extensively by means of analytical models, numerical simulations
and experiments, aspdeseribedyby Lieuwen [1]«nFirst analytical studies of
the dynamic response of anchored premixed flames to velocity perturbation
were carried out by Boyer and"Quinard 2] and Fleifil ‘et al. [3]. ‘Sehuller et
al. [4] presented a comprehensive treatment for various flame shapes, and
compared analytical results against numerical and experimental data. All
these studies were based on a linearized version of the so-called G-FEquation,
i.e. a kinematic equation for a propagating flame front [5]. Using the same
framework, the response of laminar premixed flames to equivalence ratio
perturbations was studied by Dowling and Hubbard [6] and by Lieuwen and
co-workers [7-9].

The conventional way of representing the flame response to both velocity
and equivalence ratio perturbations relies on the Flame Transfer Functions
(FTF) in the frequency domain. Such a frequency domain approach is very

convenient for asymptotic stability analysis, but poses a challenge for the
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physics-based interpretation of transient flow—flame interactions. A time do-
main approach, based on the Impulse Response (IR) function, appears more
suitable for this purpose, even though fundamentally FTF and IR contain the
same information. The IR of premixed flames to velocity perturbations was
determined by Blumenthal et al. [10] using the linearized G-Equation. The
time domain perspective allowed straightforward identification of character-
istic time scales and gave additional insight into the pertinent flow—flame
interactions. Moreover, complete correspondence with frequency domain re-
sults by Schuller et al. [4] could be established.

In the present work, the impulse response of a conical premix flame to
perturbations of equivalence ratio is derived analytically. Following Lieuwen
and co-workers [7+9], the dominant interaction mechanisms between fluctu-
ations of equivalence ratio'and heat release rate are considered (see Fig. 1):
Firstly, perturbations in equivalence ratio/modulate the heat of reaction and
the laminar flame speed, which affe¢t the heat release rate of the flame in a
direct manner [11, 12]. Moreover, changes in laminar flame speed disturb the
kinematic balance between flow and flame, such that the flame shape and the
flame surface area are also perturbed. This is an indirect, but important ef-
fect, first discussed by Lawn and Polifke [11]. Other contributions, i.e. flame
stretch and curvature, gas expansion, flame confinement and anchoring, are
not considered in the present analysis.

Like earlier studies [2-4, 7-9], the present work uses the linearized G-
Equation, but in the time domain. More insight into the physics of flame
dynamics is expected to result from such a treatment. It will be confirmed

that the overall flame dynamics can be described by the superposition of the
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Figure 1: Major mechanisms contributing to heat release rate oscillations [7]
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mechanisms depicted in Fig. 1. The respective contributions to the overall
flame response are determined by individual IRs and relevant time scales are
identified. Furthermore, an extension of the model is proposed, which consid-
ers the effect of dispersion on the spatio-temporal distribution of equivalence
ratio perturbations and on the flame dynamics.

The paperisstructured as follows: A model for premixed flame dynamics
based on the linearized G-Equation is _described in the next section. Heat
release rate fluctuations caused by perturbations of equivalence ratio are de-
scribed in terms of impulse responses. For each of the contributions depicted
in Fig. 1, the respective IR is derived and explained in Section 3. Eventu-
ally the flame transfer functions of Shreekrishna et al. [8] are recovered. In
Section 4, the dispersive model is introduced. Results of a validation study

against numerical simulation is presented in Section 5.
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2. Modeling Tools

2.1. Modeling of Heat Release Rate Fluctuations

Flame dynamics can be investigated with the relation ¢(t) = [, pAHsy, dA

for the unsteady heat release rate of a premixed flame in linearized form

q(t) / AH'AA [ sydA | A()
q

e 1
JAH A )5 AT A @

where () and ()’ stand for the steady and fluctuating quantities, respectively.
AH is the heat of reaction, s; is the laminar flame speed and A is the
flame surface area. The fluctuating quantities depend on the local values of
equivalence ratio ¢. The unburnt gas density p is assumed to be constant.
The major eontributions to heat release rate fluctuations discussed above

(see Fig. 1) appear explicitly on the r'h.s: of the equation.

2.2. G-Equation Approach forsFlame Shape

The flame surface motion is modeled with the G-Equation, i.e. a level set

approach that reads

%_f_i_g.ﬁG:sL‘ﬁG) . (2)

Here ¢ is the flow velocity and G is the level set function with the flame
position at G = 0. The linearized G-Equation can be solved analytically for
uniform mean velocity 7 = (0,0), see Fig. 2. The assumption of linearity
limits any perturbations to small amplitudes in order to have an amplitude
independent flame response. The flame aligned coordinate system ” (X, Y")”
is employed instead of the laboratory coordinate system ”(z,y)”, see Fig. 2.

The flame surface motion is assumed to be strictly normal to the flame,
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Figure 2: Flame configuration, important velocities and laboratory (x, y) and flame aligned

(X,Y) coordinate systems

mathematically G(X,Y,t) =Y — &(X,t). Substituting the perturbation in

flame surface position (X, t) in the linearized G-Equation leads to
Lol vy 3)

The velocities U, V and spraresillustrated in Fig. 2. The flame is assumed
to be attached to the wallieorners, esq ¢(0,¢) = 0 is used as boundary
condition. The analytical solution of Eq. (3) will be employed to determine
the contribution of flame surface area fluctuations to the heat release rate in

Section 3.3.

2.3. Impulse Response (IR) for Identification
A general way to quantify linear fluctuations in heat release rate ¢’ caused
by equivalence ratio perturbations ¢’ is the impulse response h(t), which is

defined implicitly via

L = 5/0 h(T)¢' (y = 0,t — 1) dr . (4)

Here the source of ¢’ is located at flame base y = 0 without loss of generality.

If an impulse perturbation ¢'(y = 0,t) = ¢ed(t) is imposed, where § is the

7
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Dirac delta function and e the relative strength of the perturbation, then
correspondingly ¢'(t)/eq = h(t), which is why h(7) is called the impulse
response. The effects that contribute to flame response — see Fig. 1 and

Eq. (1) — can be investigated separately,
h(t) = hawu(t) + hs, (t) + ha(t). (5)

The FTF F(w) is obtained from the IR by Laplace transformation, F'(s) =
J7 e sh(t) dt with s = —iw.

2.4. Transport of Equivalence Ratio Perturbations
The convective transport of equivalence ratio perturbations may be mod-

eled with the 1-D advection equation as

96 0¢
o POy S

The analytical solution for an impulse perturbation imposed at flame base

0F (6)

y = 0 reads

¢ (x,y,t) = ped (t — %) = peé <t — %) . (7)

Physically interpreted, a sudden change in equivalence ratio at the flame
base convects in y—direction towards the flame tip with the flow velocity v.

Eq. (7) also shows how this effect may be represented in the flame-aligned

coordinate system.

3. Contributions to the Flame Impulse Response

3.1. Fluctuations of Heat of Reaction
The first term on the right hand side of Eq. (1) stands for the contribution

of heat of reaction fluctuations to the heat release rate. The fluctuation
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in heat of reaction AH' caused by the equivalence ratio perturbations ¢’
is approximated by a relation AH = f(¢) from empirical data (valid for
CHy [7]). First order Taylor series expansion is employed for fluctuating
quantities, AH' = dAH/dgb{qﬁ:d; Q.

By integrating AH’ over the flame surface, the IR contribution is calcu-

lated as

1 [AH'dA 1
hanl®) =2 | AF A "=

dAH
dg

i),
—— [ ¢ dA, (8)

=5 DHA Jy
where A = mLisina is the steady flame surface area and dA = 27(L; —
X)sinadX is the steady infinitesimal flame surface area for a conical flame.

By substituting ¢' = ¢<6 (t - X/ W) as defined in Section 2.4, the IR is

obtained in closed form

han(t) 225;2}[ {R(t= 1)~ R(t) H1.H(t)} | 9)

C

where H(t) is the Heaviside function and R(t) is the Ramp function. Sag =
(gg/ AH ) dAH/ d(ﬁ‘ o= is the sensitivity of the heat of reaction to the equiv-
alence ratio. 7. = L;/W is a convective time scale, which is defined as the
time span for the perturbation to travel from the base of the flame to its tip.
The IR according to Eq. (9) is plotted in Fig. 3 with the solid line.

Laplace Transform as defined in Section 2.3 recovers exactly the analytical
expression for the flame transfer function obtained by Shreekrishna et al. [8,
Eq. (25)].

For the lean premixed flame, a positive impulse perturbation in the equiv-
alence ratio increases the heat of reaction on the flame surface element located

at the instantaneous position of the perturbation. The increase in heat of
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Figure 3: Contribution of fluctuations in heat of reaction or laminar flame speed to the

IR. Models without (——) and with dispersion (— —)

reaction also increases the heat release rate (see Eq. (1)). In Fig. 4 a flame
perturbed by a d-pulse as defined in Eq. (7) is shown. The upper gray line
(”Perturbation, W) indicates the flame surface element, whose heat of reac-
tion is changed. The incoming perturbation initially acts on the flame at the
base, whichshasithe largest radius: As the perturbation is convected towards
the flame/tip, the resulting pertuirbationin heat release rate decreases, be-
cause the radius of the flame decreases. This fact explains the trend shown
in Fig. 3, that the IR contribution is highest at the beginning and decreases
until the convective time scale 7., when the perturbation reaches the flame
tip, which has zero radius.

For rich mixtures, additional fuel barely changes the heat of reaction,
which implies that the sensitivity Sap and thus also the corresponding IR

are very small.

3.2. Fluctuations of Laminar Flame Speed

The second term on the right hand side of Eq. (1) stands for the contri-
bution of laminar flame speed fluctuations to the heat release rate. The same

approach as described in Section 3.1 is employed also for laminar flame speed

10
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Figure 4: Intermediate flame shape with relevant velocities for convection of perturbation
and restoration process. Visualization of area gap and overlap due to the change in laminar

flame speed

contribution. The only difference is that Say is replaced with the sensitivity
of laminar flame speed to the equivalence ratio, S5, = (QE/EL) dsL/d¢>|¢:q§.
The shape ofthe corresponding IR is shown in Fig. 3 and can be explained
with similar arguments as in.Section 3.1. Again, Laplace Transform recovers
exactly the FTF of Shreekrishna et al. [8, Eq. (24)].

For lean premixed flames the sensitivity S, is positive and therefore the
IR is positive. For rich mixtures, additional fuel leads to a decrease in the

laminar flame speed and the IR is reversed.

3.8. Fluctuations of Flame Surface Area

The third term on the right hand side of Eq. (1) stands for the contri-
bution of flame surface area fluctuations to the IR of the heat release rate.
This mechanism was already discussed by Blumenthal et al. [10], albeit only
for the perturbations in velocity. Relevant time scales of restoration 7, and
convection 7, were revealed, their impact on flame dynamics was discussed.

In the present study, a similar approach is developed for the effects of equiva-

11
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lence ratio perturbations on flame shape and heat release rate. The similarity
comes from the fact that the perturbed flame position ¢ depends on V'’ and
s, as described in the right hand side of Eq. (3). The similarity is attributed
to Eq. (3), where V' and s act as source terms for the perturbed flame po-
sition &.

The first step is to compute £. The Eq. (3) for £(X,t) can be formulated

as an integral equation

X /
é@ﬁ——%/s%%%—X_X)MZ (10)
0

U

where laminar flame speed fluctuations caused by ¢’ are considered solely

(V"= 0). The IR contribution is calculated as

LA (L), 2 L
- &(X, 1) dx (11)

ha(t) = =
() eLitana Jo

In order to calculate the closedform IRg'@’ = e (t - X/ W) is substituted

in Eq. (10) and ¢ is expressed as

o) )
6=3 Tr — Tc w U

where 7, = L/ U is the restorative time scale, which is defined as the time

dSL
d¢

g(X,t) - ) (12>

span for the hypothetical restoration line to travel from the base of the flame
to its tip. & is illustrated with an intermediate flame shape perturbed with
an impulse in Fig. 4.

The upper gray line (”Perturbation, W) indicates the convection of im-
pulsive perturbation and W = 4/ cos(a) is the projection on X —direction.
Since the mixture is assumed lean and the equivalence ratio perturbation is

positive, the laminar flame speed perturbation is also positive. An increase in

12
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laminar flame speed overcomes the flow velocity normal to the flame surface
and the flame propagates towards the base.

Starting from the anchoring point, where £(0,¢) = 0, the restoration
mechanism [10] re=establishes the original, unperturbed flame shape after the
perturbationsef@quivalence ratio has passed. The lower gray line (” Restora-
tion, U”) in Fig. 4 indicates\up &' which position the restoration process has
progressed. This line travels with the speed U = v cos(a) in X —direction.
The restoration line is upstream of the perturbation line, because of slower
propagation speed.

By substituting ¢ described in Eq. (12) into Eq. (11), the closed form IR

is obtained

hA(t) = — 2S#X (13)

Tc (Tr - Tc)

:—:{R(t—n) ~R(®)} = {R(t—7.)— R(t)}

which is plotted in Fig. 5 with the solid line. Again the FTF given by
Shreekrishna et al. [8, Eq. (26)] is exactly recovered by Laplace Transform.
The shape of the IR may be explained as follows: The perturbation ¢’

13
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causes flame propagation towards the base and creates additional flame sur-
face area indicated as " Overlap, AT” in Fig. 4. At the same time, the restora-
tion mechanism brings the flame to its old position and causes a deficit in
flame surface area indicated as ”Gap, A~” in Fig. 4. Since the restoration
process is slower, it acts at a position where the flame radius is larger than
the one for the perturbation, thus the perturbed area is less than the steady
area (negative IR in Fig. 5). As long as both processes act on the flame
together, the deficit of flame surface area continuously increases. At late
times ¢ > 7., when the perturbation has passed the flame, only the restora-
tive mechanism acts to recover the original flame shape. The flame surface
area deficit vanishes once the restoration line reaches the flame tip, which
corresponds to the restorative time scale 7.

This sections€oncludes with a'comment on the study of Cho et al. [7], who
derived time domain representations of flame dynamics by inverse Laplace
transformation of frequency domain results. However, the IR was not recov-
ered, because a generic form of perturbations was considered instead of an
impulse perturbation. A full time domain analysis of the flame response to
a generic perturbation is not straightforward and was indeed not attempted
by Cho et al. [7]. Instead, their results are valid only in the low-frequency,

quasi-steady limit.

4. Extended Model with Dispersion

In typical technical premixed combustion systems, the fuel is injected
from a considerable distance upstream of the flame. This distance is im-

portant for the equivalence ratio perturbations because of dispersion due

14
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to molecular diffusion for a laminar flame. Generalization to turbulent dis-
persion is straightforward, but not discussed further here (refer to Polifke
et al. [13], Lawn and Polifke [11], Schuermans et al. [12] and Bobusch et
al. [14]). As the injection point moves further upstream, a wider Gaussian
distribution instead of an impulse (Dirac function) arrives at the flame base
and thus the impact on flame dynamics becomes weaker.

The model described in Section 2 and also previous models [7-9] employ
an advection equation as described in Eq. (6). The impact of the species
diffusion can be accounted by considering 1-D advection-diffusion equation

with impulse perturbation at flame base y = 0, which reads

/ / 2 1/
8_¢+U8_¢_D8¢

ot oy oy’

(14)

where D is theraveraged diffusion coefficient. The analytical solution reads

, e 1 XN\?
(b (.T,y,t) :¢5 thexp [_E (t - W) ] ) (15>

where 7, = 4D /v? is the diffusive time scale, which describes the strength
of the diffusion. The solution is expressed in the flame aligned coordinate
system.

The formalism developed in Section 3 can also be applied to the extended
model. For heat of reaction contribution, Eq. (8) is integrated with the dif-
fusive perturbation Eq. (15) instead of the impulse Eq. (7) (same for laminar

flame speed contribution). The resulting IR contribution reads

B (1) :STAQH {sn (t—7.) — R () + rerf (&) } , (16)

C
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where R (¢, 7) is the smoothed Ramp function defined as

Tdt

R(t—71)= 7pr<—@;z)>+@—7ﬁﬁ(i%§>. (17)

The contribution of laminar flame speed fluctuations is the same as Eq. (16),

but Sap is replaced with S, .

For flame surface area contribution, the flame surface deviation ¢ is de-
termined by integrating Eq. (10) again with the diffusive perturbation. The
contribution is then computed by integrating the flame surface deviation
Eq. (11) as

ha(t) :—Lx (18)

Te (70 — Te)

%{m@-nq—mun—{m@—ﬂJ—m@n

The resulting IRs are plotted in/Figs..3 and 5 with dashed lines, for heat of
reaction (same for laminar flame speed) and flame surface area, respectively.

The model can be extended for the cases, where the perturbation is im-
posed upstream of the flame base, say y = —yy. The additional time lag for
the perturbation to travel till the flame base 75 = yo/v can be accounted by

change of variable of t = t* — 7y in Eq. (15)—(18).

5. Validation against Numerical Simulation

A numerical simulation of a 2D axisymmetric conical flame is performed
to validate the analytical model. Length and radius of the upstream flow duct
are both 1 mm, the downstream radius of the computational domain is 6 mm

in order to prevent confinement effects. A uniform mesh is constructed with a

16



262

263

264

265

267

268

269

270

271

272

273

274

275

276

278

279

280

x (mm)

0
-1 0 1

3 4

y (mm) 2

Figure 6: Flame shapes : G-equation model vs. numerical simulation with 2-step chemistry

cell size of 0.02 mm. Slip and adiabatic wall boundary conditions are imposed
to correspond with the analytical framework. A lean mixture of CH4 and air
(¢ = 0.8) is used, the inflow velocity is = 1 m/s (Reynolds number 130)
at a temperature of 293 K. A 2-step reduced chemistry is employed [15] in
rhoReactingFoam (OpenFOAM solver), which is modified to assume Prandtl
number of 0.7 The averaged molecular diffusivity was set to ' = 0.22 X
10~*m? /s, appropriate for CH, in air [16].

Fig. 6 compares the distribution of steady heat release rate from CFD
against the analytical G-Equation flame. Close to the tip, curvature effects
— which are not considered in G-equation used — result in a comparatively
shorter flame length of the CFD model.

Broadband equivalence ratio perturbations with an amplitude of ¢ =
#' /¢ = 0.05 are imposed at the inlet. The corresponding IR is determined via
system identification (for details see [17]) and compared against the analytical
model in Fig. 7. The latter includes all three contributions discussed above,
see Fig. 1.

Including dispersion in the analytical model gives a ”smeared out” re-
sponse, in qualitative agreement with CFD. More than that, Fig. 7 shows

very good quantitative agreement between CFD and the dispersive model

17
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Figure 7: Impulse response functions of conical laminar premixed flame. Analytical model

without dispersion (---), with dispersion (—) and CFD results (— —)

At later times, the impulse response is negative before it decays to zero.
This impertant-feature, which is responsible for the.excess gain of the FTF
(see below) is reproduced «ualitatively by both’ models™based on the G-
equation. Nevertheless, it is apparent that at later times ¢ > 2 ms quan-
titative agreement with CFD deterigrates. This is due to the over-predicted
flame length of the G-equation model, resulting from the neglect of curvature
effects. Note that the overall duration of the IR is related to the restorative
time scale 7, = L;/U. Since the flame length L is over-predicted, the re-
sulting IR is also more pronounced at late times.

Fig. 8 compares the gain of the FTFs determined with the analytical
model and the CFD simulation, respectively. Important qualitative features
are reproduced by both analytical model formulations: the overall low pass
filter behavior is observed, initial overshoot in gain is present, the low fre-
quency limit (see Polifke and Lawn [18]) is correctly captured as unity.

The dash-dotted line indicates the FTF from the analytical model without

dispersion. The model shows oscillatory behavior in the high frequency range,

18
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which is eliminated by dispersion (shown with solid line).

Both analytical and numerical results exhibit excess gain |[FTF| > 1 at
frequencies around 200 Hz. Excess gain results from constructive superposi-
tion of thepesitive and negative parts of the IR, agidiscussed by Huber and
Polifke [19] and Blumenthal et al. [10]. The analysis in Section 3 has shown
that the positive part of the IR results from fluctuations in heat of reaction
and flame speed, while the negative part is due to the modulation of flame
surface area. In the low frequency limit there is destructive superposition
of these effects, which becomes constructive at intermediate frequencies, re-
sulting in excess gain. Indeed, earlier models that did not take into account
changes in flame surface area do not exhibit excess gain [13, 20].

The intermediate frequency fi.x where the gain attains its maximum can

be roughly estimated as

™

fmaX - 2(tmax - tmin) ’

(19)

where tpax and ty;, are the times where the IR reaches maximal / minimal
values. For the analytical model with dispersion, one estimates f.x &~ 200

Hz, which agrees with the gain of the FTF shown in Fig. 8. For the CFD

19
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results, the negative part of the IR appears earlier and is less pronounced
(see Fig. 6), thus excess gain occurs at higher frequencies and with reduced

magnitude, as seen in Fig. 8.

6. Conclusion

The response of laminar premixed flame to equivalence ratio perturba-
tions was studied analytically by determining the IR for heat release rate.
In the framework of the G-Equation contributions of heat of reaction, lami-
nar flame speed and flame surface area were taken into consideration. Two
relevant time scales were identified, i.e. a convective time scale 7. and a
restorative time scale 7,. The transport of equivalence ratio perturbations
is related to 7., while the propagation of flame shape perturbations along
the flame is related to 7,.. Theseontributions of heat of reaction and laminar
flame speed are governed only«by 7, since the convective perturbations of
equivalence ratio causes local changes at the flame surface. The contribution
of flame surface area is controlled by both 7. and 7. due to the restoration
mechanism. Complete agreement with flame transfer functions calculated by
Shreekrishna et al. [8] was established by Laplace transformation of IRs.

An extension to the model was proposed in order to account for the
dispersion due to molecular diffusion. The dispersive model adds one more
time scale 7, regarding the strength of the dispersion. As the location of
the perturbation moves further away from the flame, its impact on the flame
dynamics becomes weaker [13].

Analytical models were compared against numerical simulation by exam-

ining the respective IRs and FTFs. Quantitative agreement was not achieved,
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since the analytical G-Equation model used in this study neglects curvature
effects and thus over-predicts the flame length. Nevertheless, very satis-
factory qualitative agreement with respect to the shape of the IR and the
relevant time scales was observed. Overall, the model with dispersion showed
significantly better agreement than the model without dispersion.

The analysis in the paper shows that excess gain in the flame response to
equivalence ratio fluctuations results from constructive superposition of the
effects of fluctuations in heat of reaction and flame speed on the one hand,

and the effects of modulation of flame shape on the other.
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Abstract

The dynamic response of conical laminar premixed flames to fluctuations
of equivalence ratio is analyzed in the time domain, making use of a level set
method (”G-Equation”). Perturbations of equivalence ratio imposed at the
flame base are convected along the flame front, where they cause modulations
of flame speed, heat of reaction and flame shape. The resulting fluctuations
of heat release rate are represented in closed form in terms of respective im-
pulse response functions. The time scales corresponding to these mechanisms
are identified, their contributions to the overall flame impulse response are
discussed. If the impulse response functions are Laplace transformed to the
frequency_domain, agreement with previous results for the flame frequency
response i8 observed. sAmextension of thesmodelsthat aceounts for dispersion
of equivalence ratio fluctuations'due to molecular diffusion is proposed. The
dispersive model reveals the sensitivity of the premixed flame dynamics to
the distance between the flame and the fuel injector. The model results are

compared against numerical simulation of a laminar premixed flame.

Keywords

Laminar premixed flame dynamics, Equivalence ratio perturbation, Im-

pulse response, Flame frequency response, Dispersion
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1. Introduction

Modern low-emission combustion processes often utilize premixed combustion

with lean fuel-air mixtures. However, tean—premixed combustion is prone to

ef-thermo-acoustic instabilities, where positive feedback between fluctuating
heat release and acoustics —Fherefore—drives self-excited oscillations. Large
amplitude oscillations can cause damage to a combustor, thus it is necessary

to understand the physics of lean premixed combustion dynamics and reveal

the-keyfactorsthat-arekey factors and interaction mechanisms responsible

for instabilities.

TheHame-dynamies—are~Prémixed flame dynamics is driven mainly by

velocity and equivalence ratio"perturbations. The corresponding interaction
mechanisms have been extensively—studied-studied extensively by means of
analytical models, numerical simulations and experiments.

First analytical studies of the dynamic response of anchored premixed
flames to velocity perturbation were carried out by Boyer and Quinard [1]
and Fleifil et al. [2]. Schuller et al. [3] presented a comprehensive treatment
for various flame shapes, and compared analytical results against numerical
and experimental data. All these studies were based on a linearized version of
the so-called G-eeration G-Fquation, i.e. a kinematic equation for a premixed
fame{4}—The-propagating flame front [4] . Using the same framework

the response of laminar premixed flames to equivalence ratio perturbations

were-studied-subsequently-was studied by Dowling and Hubbard |5| and by



2 Lieuwen and co-workers{6—8}using-thesameframework [8, 6, 7] .

27 The conventional way of representing the flame response to both velocity

;s and equivalence ratio perturbations relies on the Flame FransterFunetions
2 Flame Transfer Functions (FTF) in the frequency domain. Such a fre-

s quency domain approach is very convenient for asymptotic stability analysis,

s but #—poses a challenge for i

32 physics-based interpretation of transient flow—flame interactions. A time do-
13 main approach, based on the fmpulseResponse-Impulse Response (IR) func-

s tion, appears more suitable for this purpose, even though fundamentally FTF
55 and IR contain the same information. The IR of premixed flames to velocity

s perturbations was determined by Blumenthal et al. [9] using the linearized

v G-e

Equation. The time domain
s perspectiveallowed straightforward identification of characteristic time scales

30 and gave additional insightinto the pertinent low—fame interactions. Moreover
w0 complete correspondence with frequency domain results by Schuller et al. [3]

an could be established. Mere—than—that—the—time—domain—approach—gave

15 In the present work, the impulse response of a conical premix flame to

s perturbations of equivalence ratio is derived analytically. Following Lieuwen
o and co-workers{6—8} [8, 6, 7] , the dominant interaction mechanisms between
s fluctuations of equivalence ratio and heat release rate are considered (see
w Fig. 1): Firstly, perturbations in equivalence ratio modulate the heat of re-

so action and the laminar flame speed, which affect the heat release rate of the
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Figure 1: Major mechanisms contributing to heat release rate oscillations [§]

Equivalence
ratio

Heat
release rate

flame in a direct manner [10, 11]. Moreover, changes in laminar flame speed
disturb the kinematic balance between flow and flame, such that the flame
shape and the flame surface area are also perturbed. This is an indirect, but
important effect, first discussed by Lawn and Polifke [10]. Other contribu-
tions, i.e. flame stretch and curvature, gas expansion, flame confinement and
anchoring, aremnot considered in the present analysis

Like earlier studiesH—3+6-8} [1-3,.8{6, 7] , the present work uses the
linearized G-equation-Equation, but'in the time domain. More insight into
the physics of flame dynamics is expected to result from such a treatment.
It will be confirmed that the overall flame dynamics can be described by the
superposition of the mechanisms depicted in Fig. 1. The respective impaet
of-each—econtribution—en—flame-dynamies—contributions to_the overall flame
response is determined by individual IRs and relevant time scales are iden-
tified. Furthermore, an extension of the model is proposed, which considers

the effect of dispersion on the spatio-temporal distribution of equivalence

ratio perturbations alenethe-fame-and on the flame dynamics.

The paper is structured as follows:

Huetunations—with-A model for premixed flame dynamics based on the lin-
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earized G-eguation—Equation is described in the fellewing—Seetion—The

next

section. Heat release rate fluctuations caused by perturbations of equivalence

ratio are described in terms of impulse responses. For each eentributionof

the contributions depicted in Fig. 1), the respective HRs-are-IR is derived and
explained in Section 3. Eventually the flame transfer functions derived—by

of Shreekrishna et al. [6] are recovered. In Section 4, the dispersive model
is introduced. Results of a validation study against numerical simulation is

presented in Section 5.

2. Modeling Tools

2.1. Modeling of Heat Release Rate Fluctuations

Flame dynamics can be investigated usine-with the relation g(1) = AHs

for the unsteady heat release rate equationfor-of a premixed flame q&ﬂ%j%péﬁsrdﬂ

intinearised-in linearized form

q’ét) / AH'AA | s dA A()

- _ 1
JAH A 5, AT A M

where () and ()’ stand for the steady and fluctuating quantities, respectively.
AH is the heat of reaction, sy, is the laminar flame speed and A is the flame
surface area. The fluctuating quantities depend on leeal-value-the local values
of equivalence ratio ¢. The unburnt gas density p is assumed to be constant.

The major contributions eausing—to heat release rate fluctuations dis-

cussed above (see Fig. 1) appear explicitly on the right-hand-sider.h.s. of

the equation.
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Figure 2: Flame configuration, important velocities and laboratory (x, y) and flame aligned

(X,Y) coordinate systems

2.2. G-Equation Approach for Flame Shape

The flame surface motion is modeled with the G-FEquation, i.e. a level set

approach
reads
%—f+6ﬁazsL(ﬁG) . 2)

swhere-Here @ is the flow velocity and G is the level set function deseribing
with the flame position at G = 0. The linearized G-Equation can be solved

analytically for uniform mean velocity v = (0,v), see Fig. 2. The assumption

any perturbations
to small amplitudes in order to have an amplitude independent flame re-

of linearity limits +

sponse. The flame aligned coordinate system ”(X,Y")” is employed instead
of the laboratory coordinate system ”(z,y)”, see Fig. 2. The flame sur-

face motion is assumed to be strictly normal to the flame, mathematically

G(X,Y,t) =Y — &(X,t). Substituting &intinearized-G-Equationleadsto-
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where-&{(X+#)is-the perturbation in flame surface position —¢(X, t) in the
linearized G-Equation leads to

o -0 .,
ot Ugx TV T )

The velocities U, V and s, are illustrated in Fig. 2. The flame is assumed to
be attached to the wall corners, i.e., £(0,t) = 0 is used as boundary condition.
The analytical solution of Eq. (3) is employed to determine the contribution

of flame surface area fluctuations to the heat release rate in Section 3.3.

2.8. Impulse Response (IR) for Identification

A general way to quantify linear fluctuations in heat release rate ¢—¢
caused by equivalence ratio perturbations ¢’ is the impulse response h(T)

which is defined‘implicitly/via

q/(t)_l > Aoy = _Ndr
: —¢/0 WAFE = 0t — 1) dr (4)

Here the source of ¢’ is located at flame base y = 0 without loss of generality.
If an impulse perturbation ¢'(y = 0,t) = ¢ed(t) is imposed, where 0 is the
Dirac delta function and e the relative strength of the perturbation, then
correspondingly ¢/(t)/eq = h(t), which is why A(7) is called the impulse

response-HRYyimpulse response. The effects that contribute to flame response
—see Fig. 1 and Eq. (1) — can be investigated separately,

h(t) = han(t) + hs, (t) + ha(t). (5)

The FTF F(w) is obtained from the IR by Laplace transformation, F'(s) =
J" e *th(t) dt with s = —iw.
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2.4. Transport of Equivalence Ratio Perturbations
The convective transport of equivalence ratio perturbations is—may be
modeled with the +-D-1-D advection equation as

a¢l 8¢/

. 1— =20. 6
at "y (©)
The analytical solution for an impulse perturbation imposed at flame base

= 0 reads
_ y _ X
"z,y,t) =¢ed ([t —2Z ) =¢ed ([t — = | . 7
o) = 3ed (1 4) =deo (- 1) )
Physically interpreted, a sudden change in equivalence ratio at the flame
base convects in y—direction towards the flame tip with the flow velocity v.

Eq. (7) alsesshows how this effect may be represented in the flame-aligned

coordinate system.

3. Contributions to the Flame Impulse Response

3.1. Fluctuations of Heat of Reaction

The first term on the right hand side of Eq. (1) stands for the contribution
of heat of reaction fluctuations to the heat release rate. The fluctuations
in heat of reaction AH' caused by the equivalence ratio perturbations ¢’
is approximated by a relation AH = f(¢) from empirical data (valid for
CHy [8]). First order Taylor Series expansion is employed for fluctuating
quantities, AH' = dAH/d¢|¢:q§ ¢

By integrating AH’ over the flame surface, the IR contribution is calcu-

lated as

, (t)_l/AH’%_ldAH
AH JAH A e do

1 /
&= [ ¢d4, (8)
o=3 DHA J;

3
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Figure 3: Contribution of fluctuations in heat of reaction or laminar flame speed to the

IR. Models without (——) and with dispersion (— —)

w where A = mLjsina is the steady flame surface area and dA = 27 (L; —
11 X)sinadX is the steady infinitesimal flame surface area for a conical flame.
w2 By substituting ¢ = ¢ed (t - X/ W) as defined in Section 2.4, the IR is
13 obtained in closed form

Han (1) =S5l (1 ) B R0 41 H(1)} (9)

C

s where H(t) is the Heaviside function and R(t) is the Ramp function. Say =
145 (gE/ AH ) dAH/ dgb’ 5=t is the sensitivity of the heat of reaction to the equiv-
us alence ratio. 7. = L;/W is a convective time scale, which is defined as the
w7 time span for the perturbation to travel from the base of the flame to its tip.
us The IR is plotted in Fig. 3 with the solid line.

149 By—performine—Laplace Transform as defined in Section 2.3 +—recovers
10 exactly the analytical expression for the flame transfer function defined-obtained
151 by Shreekrishna et al. [6, Eq. (25)]isrecovered—,
152 For the lean premixed flame, a positive impulse perturbation in the equiv-
153 alence ratio increases the heat of reaction on the flame surface element located

15« at the instantaneous position of the perturbation. The increase in heat of

155 reaction also increases the heat release rate (see Eq. (1)). In Fig. 4 a flame

10
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Figure 4: Intermediate flame shape with relevant velocities for convection of perturbation
and restoration process. Visualisation—Visualization of area gap and overlap due to the

change in laminar flame speed

perturbed by a J-pulse as defined in Eq. (7) is shown. The upper gray line
(”Perturbation, W) indicates the flame surface element, whose heat of reac-
tion is changedsThe incoming perturbation initially acts on the flame at the
base, which has the largest radius. As.the perturbation is convected towards
the flame tip, the resulting perturbation in heat release rate decreases, be-
cause the radius of the flame surface-decreases. This fact explains the trend
shown in Fig. 3, that the IR contribution is highest at the beginning and
decreases till the convective time scale 7., when the perturbation reaches the
flame tip, which has zero radius.

For rich mixtures, additional fuel barely changes the heat of reaction,
which implies that the sensitivity Say and thus also the corresponding IR

are very small.

3.2. Fluctuations of Laminar Flame Speed

The second term on the right hand side of Eq. (1) stands for the contri-

bution of laminar flame speed fluctuations to the heat release rate. The same

11
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approach as described in Section 3.1 is employed also for laminar flame speed
contribution. The only difference is that Say is replaced with the sensitivity
of laminar flame speed to the equivalence ratio, S5, = ((;3/§L) dsL/dq§|¢:$.
The shape of the corresponding IR in Fig. 3 can be explained with similar
arguments as Section 3.1. Again, Laplace Transform recovers the FTF of
Shreekrishna et al. [6, Eq. (24)].

For lean premixed flames the sensitivity S, is positive and therefore the

IR is positive. For rich mixtures, additional fuel leads to a decrease in the

laminar flame speed ; at-and the IR is reversed.

3.3. Fluctuations of Flame Surface Area

The thirdsterm on the right hand side of Eq. (&) stands for the contri-
bution of flame surfacé area fluctuations to the TR of the heat release rate.
This mechanism was already discussed by Blumenthal et al. [9], albeit only
for the perturbations in velocity. Relevant time scales of restoration 7, and
convection 7, were revealed, their impact on flame dynamics was discussed.
In the present study, a similar approach is developed for the effects of equiva-
lence ratio perturbations on flame shape and heat release rate. The similarity
comes from the fact that the perturbed flame position ¢ depends on V’ and
7, as described in the right hand side of Eq. (3). The similarity is attributed
to Eq. (3), where V' and s/ act as source terms for the perturbed flame po-
sition €.

The first step is to compute . The Eq. (3) for £(X,t) can be formulated

as an integral equation
I X-X
§(X,t):—ﬁ/ s (X’,t—T) dXx’, (10)
0

12
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where laminar flame speed fluctuations caused by ¢’ are considered solely

(V"= 0). The IR contribution is calculated as

LA (t) 2 Ly
=7 = X X . 11
ha(t) e A 5[@ tana J, {1 d (11)

In order to calculate the closed form IR, ¢/ = ¢ed (t - X/ W) is substituted

in Eq. (10) and £ is expressed as

AT

where 7, = Ly/ U is the restorative time scale, which is defined as the time

dSL

g(X’t) == do

span for the hypothetical restoration line to travel from the base of the flame
to its tip.pé&uismillustrated with an intermediate flame shape perturbed with
an impulse in Fig. 4.

The upper gray line ("Perturbation, W) indicates the convection of im-
pulsive perturbation and W = 4/ cos(a) is the projection on X —direction.
Since the mixture is assumed lean and the equivalence ratio perturbation is
positive, the laminar flame speed perturbation is also positive. An increase in
laminar flame speed overcomes the flow velocity normal to the flame surface
and the flame propagates towards the base.

Starting from the anchoring point, where £(0,f) = 0, the restoration
mechanism [9] re-establishes the original, unperturbed flame shape after the
perturbation of equivalence ratio has passed. The lower gray line (”Restora-
tion, U”) in Fig. 4 indicates up to which position the restoration process has
progressed. This line travels with the speed U = v cos(a)) in X —direction.
The restoration line is upstream of the perturbation line, because of slower

propagation speed.

13
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h(t)

| I
0 TeTr

Figure 5: Contribution of fluctuations of flame surface area to IR. Model without (—)

and with dispersion (— —)

215 By substituting £ described in Eq. (12) into Eq. (11), the closed form IR

216 1S obtained

o) = — —22 (13)

Te (Tr - Tc)

:—:{R(t — o) - ROV {R(t=7.)— R}

217 which is plotted in Fig. 5 with the solid line.

218 Again the F'TF given by Shreekrishna et al. |6, Eq. (26)] is exactly recovered
20 by Laplace Transform, see Section 2.3.

220 The shape of the IR may be explained as follows: The perturbation ¢’
21 causes flame propagation towards the base and creates an-additional flame
2» surface area indicated as "Overlap, A™” in Fig. 4. At the same time, the
23 restoration mechanism brings the flame to its old position and causes a deficit
24 in_flame surface area defieit-indicated as "Gap, A~” in Fig. 4. Since the
25 restoration process is slower, it acts at a position where the flame radius
26 18 larger than the one for the perturbation, thus the perturbed area is less
27 than the steady area (negative IR in Fig. 5). As long as both processes

»s act on the flame together, the deficit of the flame surface area continuously

14
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increases. Afterthe-perturbationleaves-the-fameAt late times t > 7., when
the perturbation has passed the flame, only the restorative mechanism acts

to recover the original flame shape. The flame surface area deficit vanishes
once the restoration line reaches the flame tip, which corresponds to the

restorative time scale 7,.

FheFHE—of-Shreekrishna—This section concludes with a comment on

the study of Cho et al.
M@M@MM&M
by inverse Laplace transformation of frequency domain results. However, the
IR was not recovered, because a generic form of perturbations was considered
instead of an impulse perturbation. A full time domain analysis of the flame
response $0 a generic perturbation is not straightforward and wasiindeed not
attempted bys€ho et al. A8] . Instead, their results are valid only in the

low-frequenc uasi-steady limit.

4. Extended Model with Dispersion

In typical technical premixed combustion systems, the fuel is injected
from a considerable distance upstream of the flame. This distance is im-
portant for the equivalence ratio perturbations because of dispersion due
to molecular diffusion for a laminar flame. Generalization to turbulent dis-
persion is straightforward, but not discussed further here (refer to Polifke
et al. [12], Lawn and Polifke [10], Schuermans et al. [11] and Bobusch et
al. [13]). As the injection point moves further upstream, a wider Gaussian
distribution instead of an impulse (Dirac function) arrives at the flame base

and thus the impact on flame dynamics becomes weaker.

15
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The model described in Section 2 and also previous models{6—8}- [8, 6, 7| employ

advection equation as described in Eq. (6). The impact of the species diffu-
sion can be accounted by considering 1-D advection-diffusion equation with

impulse perturbation at flame base y = 0, which reads

a¢/ 8§b/ B a2¢/

- L D 14

ot "oy T Vo (14)

where D is the averaged diffusion coefficient. The analytical solution reads
_ [ 1 X\

! t) = — —|t—= 15

(. y.1) =e Mdtexp[ = W)] , (15)

where 74 = 4D /v? is the diffusive time scale, which describes the strength of
the diffusion. The solution is expressed in flame aligned coordinate system.

The formalism developed in Section 3 can also be applied to the extended
model. For heat of reactionscontributiony Eq.(8)visrintegrated with the dif-
fusive perturbation Eq. (15) instead of the impulse Eq. (7) (same for laminar
flame speed contribution). The resulting IR contribution reads

har(t) ZSTA—QH {%(t —7.) — R (t) + Teerf (é) } : (16)

C

The contribution of laminar flame speed fluctuations is the same as Eq. (16),
but Sapy is replaced with S, .

For flame surface area contribution, the flame surface deviation ¢ is de-
termined by integrating Eq. (10) again with the diffusive perturbation. The
contribution is then computed by integrating the flame surface deviation
Eq. (11) as

ha(t) :—Lx (17)

Te (70 — Te)

SR ) - RO} - {R(-7) -RO}|
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where R (¢, 7) is the smoothed Ramp function defined as

R(t—7) = %exp(—(t;z)>+(t—7)erf(t\/%_). (18)

The resulting IRs are plotted in Figs. 3 and 5 with dashed lines, for heat of

reaction (same for laminar flame speed) and flame surface area, respectively.

The model can be extended for the cases, where the perturbation is im-
posed upstream of the flame base, say y = —yy. The additional time lag for
the perturbation to travel till the flame base 75 = yo/v can be accounted by

change of variable of t = t* — 7y in Eq. (15)—(17).

5. Validation against Numerical Simulation

A numerical simulation®f aleylindrical busfrer 2D axisymmetric conical
flame is performed to validate the analytical model. FheradiusisLength and
radius of the upstream flow duct are both 1 mmieng—themixtareistean, the
downstream radius of the computational domain is 6 mm in order to prevent
confinement _effects. A uniform mesh is constructed with a cell size of 0.02
mm. Slip and adiabatic wall boundary conditions are imposed to correspond

with the analytical framework. A lean mixture of CHy and air (¢ = 0.8)
and—thefow—is used, the inflow velocity is © = 1 m/s (Reynolds number

130) -

framework—at _a temperature of 293 K. A 2-step reduced chemistry is em-
ployed [14] in rhoReactingFoam (OpenFOAM solver), which is modified to

assume Prandtl number of 0.7. The averaged molecular diffusivity was set
to D = 0.22 x 10~*m? /s, appropriate for CH, in air [15] .
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Figure 6: Flame shapes : G-equation model vs. numerical simulation with 2-step chemistry

Fig. 6 compares the distribution of steady heat release rate from CFD
against the analytical G-Equation flame. Close to the tip, curvature effects
— which are not considered in G-equation used here— results—result in a
comparatively shorter flame length of the CFD model.

Broadband equivalence ratio perturbations with an amplitude of ¢ =

¢' /¢ = 0.05 areimposed at

corresponding IR is determined via system identification (for details see [16])
and compared against the analytical model in Fig. 7. The latter includes all

three contributions discussed above, see Fig. 1.

forCH—in—air45—Including dispersion in the analytical model gives a
"smeared out” response, in qualitative agreement with CFD. More than that,

Fig. 7 shows very good quantitative agreement between CFD and the dis-

persive model for ax the early period t < 2

ms.
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Figure 7: Impulse response functions of conical laminar premixed flame. Analytical model

without dispersion (---), with dispersion (——) and CFD results (— —)

At late-later times, the impulse response is negative before it decays to
zero. This important feature, which is responsible for the excess gain of
the FTF (see below) is reproduced qualitatively by both models based on
the G-equation. Nevertheless, it is _apparent_that at later times £ > 2 ms
quantitative agreement withaGFD deteriorates. This is due to the over-
predicted flame length of thesG-equation model, resulting from the neglect
of curvature effects. Note that the overall duration of the IR is related to the
restorative time scale 7, = L/ U. Since the flame length L ¢ is over-predicted,
the resulting IR is also more pronounced at late times.

Fig. 8 compares the gain of the FTFs determined with the analytical
model and the CFD simulation, respectively. Important qualitative features
are reproduced by both analytical model formulations: the overall low pass
filter behaviour-behavior is observed, initial overshoot in gain is present, the
low frequency limit (see Polifke and Lawn [17]) is correctly captured as unity.

The dash-dotted line indicates the FTF from the analytical model with-
out dispersion. The model shows oscillatory behaviour-behavior in the high

frequency range, which is eliminated by dispersion (shown with solid line).
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Figure 8: Gain of FTF. Analytical model without dispersion (---), with dispersion (—)
and CFD results (——)

Both analytical and numerical results exhibit excess gain |FTF| > 1 at
frequencies around 200 Hz. Excess gain results from constructive superpo-
sition of the positive and negative parts of the IR, as discussed by Huber
and Polifke [18hand Blumenthal et al. [9]. The amalysis in Section 3 has
shown that the positive part of the IR results from fluétuations in heat of
reaction and flame speed, while the negative part is due to the modulation
of flame surface area. In the low frequency limit the-there is destructive su-
perposition of these effectsare-destruetivebut-, which becomes constructive
at intermediate frequencies, which—+resultsresulting in excess gain. Indeed,
earlier models that did not take into account changes in flame surface area
do not exhibit excess gain [12, 19].

The intermediate frequency f.x Where the gain attains its maximum can

be roughly estimated as

™

fmaX - 2<tmax - tmin) ’

(19)

where tpax and ty;, are the times where the IR reaches maximal / minimal
values. For the analytical model with dispersion, one estimates f.x &~ 200

Hz, which agrees with the gain of the FTF shown in Fig. 8. For the CFD
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results, the negative part of the IR appears earlier and is less pronounced

(see Fig. 6), thus ene-expeets—that-excess gain occurs at higher frequencies
and with reduced magnitude—This-is-indeed-observed-, as seen in Fig. 8.

6. Conclusion

The response of laminar premixed flame to equivalence ratio perturba-
tions was studied analytically by determining the IR for heat release rate. In
the framework of the G-Equation contributions of heat of reaction, laminar
flame speed and flame surface area were taken into consideration. Two rele-
vant time scales were identifeididentified, i.e. a convective time scale 7. and
a restorative time scale 7,.. The transport of equivalence ratio perturbations
is related to 7., while the propagation of flame shape perturbations along
the flame is related to 7,.. Theseontributions of heat of reaction and laminar
flame speed are governed only«by 7., since the convective perturbations of
equivalence ratio causes local changes at the flame surface. The contribution
of flame surface area is controlled by both 7. and 7. due to the restoration
mechanism. Complete agreement with flame transfer functions calculated by
Shreekrishna et al. [6] was established by Laplace transformation of IRs.

An extension to the model was proposed in order to account for the
dispersion due to molecular diffusion. The dispersive model adds one more
time scale 7, regarding the strength of the dispersion. As the location of
the perturbation moves further away from the flame, its impact on the flame
dynamics becomes weaker [12].

Analytical models were compared against numerical simulation by exam-

ining the respective IRs and FTFs. Quantitative agreement was not achieved,
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since the analytical G-equation—Equation model used in this study neglects
curvature effects and thus over-predicts the flame length. Nevertheless, very
satisfactory qualitative agreement with respee-respect to the shape of the
IR and the relevant time scales was observed. Overall, the model with dis-
persion showed signficantly—significantly better agreement than the model
without dispersion.

The analysis in the paper shows that excess gain in the flame response to
equivalence ratio fluctuations results from constructive superposition of the
effects of fluctuations in heat of reaction and flame speed on the one hand,

and the effects of modulation of flame shape on the other.
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*Point by point list of changes made per Reviewer comments

Rebuttal for Manuscript PROCI-D-15-00274

“An Analytical Model for the Impulse Response of Laminar
Premixed Flames to Equivalence Ratio Perturbations”

by Albayrak et al.

Reviewer #1: Very Good
Does the English in this paper need to be improved? 3 (NO)

This paper describes an analysis of the impulse response of a premixed flame to fuel/air ratio
disturbances. This is the first study that I am aware of that has executed this analysis and I
recommend it for publication. A few suggestions for the authors:

1) Some of the general overview sections (e.g., Sec. 2.2) can be reduced to allow the authors
more space to discuss results; authors can refer to entire chapter on related problems in text
"Unsteady Combustor Physics" or comparable reference.

The paper gives essential background information in order to make the presentation self-
contained (while.respecting the page limit). We want to keep it that way; therefore the
overview section has not been shortened significantly. As suggested, a reference to
"Unsteady Combustor Physics".has been.added.

2) One of the first studies to look at FTF's of this fuel/air ratio forced problem was Ann
Dowling - it would be appropriate to acknowledge that work in the intro; e.g.

A.P. Dowling, S. Hubbard, Proc. Inst. Mech. Engrs.

214 (A) (2000) 317-332.

Thanks for pointing this out! The work of Dowling and Hubbard is now mentioned in the
introduction (page 3 lines 18-20).

3) Ref. 7 also includes time domain expressions for the flame response to arbitrary time
varying fuel/air ratio disturbances in Appendices A and B. Would be worth discussing the
impulse response characteristics in the context of those results.

The link between Impulse Response (IR) and FTF can be established in both time and
frequency domain. The frequency domain formulation is well established in combustion
dynamics, also the core text in Ref [7] is formulated in the frequency domain. Arriving at
a time domain representation by applying an inverse Fourier Transform is a purely
mathematical operation, which does not easily allow physical interpretation.
Establishing the correspondence in frequency domain will be more convincing and more
informative for the majority of readers, and that is why we have chosen this option.
Furthermore, one should note that the IR is not recovered in [7], since a generic




4)

perturbation is used instead of an impulsive perturbation. The full analysis based on such
a generic perturbation is not straightforward and not even attempted in [7]. Instead, the
time domain approach is used to investigate merely the low frequency limit of the flame
response. This limit may be recovered as from our results. Contrary to that, our work
gives a complete (!) time domain analysis, and thus allows a better understanding of how
perturbations interact with the flame. These points are emphasized in the revised
manuscript (page 14, lines 213-220).

This same reference notes that the flame response to fuel/air ratio disturbances cannot be

cast in the form of only an n-tau model (unlike the response of the flame to velocity

disturbances) in the St << 1 limit - there is an additional derivative term. Again, suggest using
these results to interpret that result.

Unfortunately, I cannot reproduce this statement. Assuming St << 1, my calculation
leads

! ) Tc ' Tr 1)
Q=S, 6(t}—§6 (t] +55§6 t]
But in Ref.[7];
: T, T, .,
Q:SHé(t_E +SS§ [t)

Therefore, werdonot follow the reviewer's suggestion.



Reviewer #2: Marginal
Does the English in this paper need to be improved? - 3 (NO)

The response of a conical flame subjected to fluctuations of equivalence ratio is studied using a
methodology based on an impulse function, introduced by Blumenthal et al. [8]. The
mathematical model is based on a linearized G-equation with a prescribed incoming flow, i.e.,
unaffected by the heat of release, further simplified by assuming the nature of the fluctuations in
flame speed and flame surface area, and assuming that the heat of reaction is a specified function
of equivalence ratio. Given all these ad-hoc assumptions I am not surprised that the results are
made to agree with the transfer functions calculations of Ref. [5]. Since the model is based on
phenomenology and not on fundamental physical principles, it is difficult to judge its importance
and value. In my opinion, this work is a nice pedagogical exercise but does not contribute much
our understanding of flame instability.

The second reviewer graded the manuscript as ,,Marginal”, yet did not contribute any
specific recommendations on how to improve the paper. This is inappropriate and we
argue that the validity, originality and novelty of our work were not appreciated by the
reviewer in an adequate manner:

* By the statement "assuming thesnature, of the fluctuations in flame speed and flame
surface area“ythe'reviewer criticizes the time-domain approach as an ad-hoc model
,»made to agree with ... Ref.\[5]”. However, there exists solid theory that flame surface
modulations are caused by kinemdtic balance between flow and flame speed, which can
be represented as a level set approach using the G-equation. Obviously, the approach is
not ad-hoc and indeed this type of model is widely used by others [2,3,5,7,8]. We thus
dismiss the reviewer s statement as unqualified.

Similarly, the relations for steady state laminar flame speed and heat of reaction as a
function of equivalence ratio are based on theory or experimental evidence (and used by
other authors, e.g. Ref. [7]). Starting from the same premises, we find that the time
domain approach does reproduce the results of frequency domain analysis and is thus
validated - but this does not mean that our results were ,,made to agree”! We emphasize
that there was no “tuning of parameters” whatsoever.

* Reviewer #2 also comments that ,,this work is a nice pedagogical exercise but does not
contribute much to our understanding of the flame instability”. This statement reads like
a contradiction in terms! The work is to indeed to some extent pedagogic in nature, as it
brings insight and understanding to the problem of transient flame dynamics - including
relevant time scales - that cannot be developed easily from a frequency domain analysis.

* The reviewer does not appreciate that our time domain solution is extended by
including the dispersion of equivalence ratio perturbations. This is an important novelty,
compared to previous studies [5-7]. Again one sees that the reviewer's opinion (“ does
not contribute much our understanding of flame instability.”) is not justified




Reviewer #3: Very Good
Does the English in this paper need to be improved? 3 (NO)

This article proposes an analysis of the dynamic response of laminar conical flames to
equivalence ratio perturbations. The analysis is carried out in the time domain. The fluctuations
of heat release are represented in terms of a sum of impulse responses corresponding to the
various response functions involved.

The model results are compared with numerical simulations of a laminar flame.

This is a well written article and it touches a problem of interest. The mathematical
developments seem to be right and they have been checked by taking the Laplace transform of
the impulse response functions and comparing with results published previously. This is however
not shown and it would be worth providing expressions for this Laplace or Fourier transforms
which could be compared with those existing in the literature.

We excluded the Laplace transformed expressions due to the page limit. Instead, we are
emphasizing that the Laplace transformed results are exactly same with the FTF
expressions defined by Shreekrishna et al. [6] and we address the specific equations in
that paper.(seeipage 9 lines 129-131, page 11 lines 1572159 and page_13 lines 197-199)

For the CFD it would-beof interest to give some details on the computational mesh. One is
always attentive to the number of grid points used to resolve the flame. It would also be worth
indicating that the calculations were carried out in.an axisymmetric framework(if this is indeed
the case).

Additional information related to the numerical approach is provided in Section 5 (page
16-17, line 255 — 275).

Concerning the originality of the contents of this manuscript, the authors should state more
clearly what is new with respect to the earlier work of Cho and Lieuwen (Ref. [7]. This last
reference contains in its appendix B a time domain analysis of the impulse response of a conical
flame submitted to equivalence ratio perturbations. One may wish to know if results like
expression (13) coincide with those given in the appendix of Ref. [7]. There is a familiar look but
I did not try to check this in detail...

The extended model with dispersion seems to be new but what about the material in section 3?

Please see our response to the 3™ point of Reviewer #1. Same arguments as discussed
there apply also here. This is discussed in the revised manuscript (page 14, lines 213-
220).

It would be interesting to point out that the CFD and the analytical results do not agree well at
all. At present the cause of this important difference is not discussed in the core of the text. In the
conclusion, the difference is attributed to the curvature effect which is not included in the G-



equation. If the calculations had been carried out on a flame established by a larger diameter
injector, the curvature effect would have been of lesser importance but it is probable that the
difference would still be there.

The discussion related to the curvature effect has been added to the revised manuscript
(see page 18 lines 280-288). It is true that that the curvature is less important for longer
flames, and agreement between CFD and the analytical results should increase.
However, without further investigation it is not appropriate to speculate about this in this

paper.

While the previous points are important, this article is nevertheless interesting and deserves to be
presented after revision.

Other comments

Correct typos like those appearing in page 18 « arly » ? or in page 19 where « identifeid »
should be replaced by « identified » or in page 21 where « respec » should be « respect »...

| Typos are corrected in the revised manuscript.
Flow conditions corresponding to figure 6 need to be specified.
Boundary conditions fornlet flowyvelocity'and equivalenceratioswere already defined.

In the revised'manuscript, the inlet temperature is also included (see pages 16-17 lines
262-263). The results are now. reproducible with the given information.





