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Abstract

Complex network theory is used to analyze the spatiotemporal dynamics of the PRECCINSTA swirl burner, oper-
ating on hydrogen-methane fuel blends. At a power setting of 15 kW with equivalence ratio of 0.8 and hydrogen
fuel fraction (HFF) ranging from 0% to 80%, period-1 and period-2 limit cycle oscillations as well as chaotic
oscillations were observed. A turbulence network was constructed from the vorticity data obtained with particle
image velocimetry. In addition, a heat release rate (HRR) correlation network was constructed from chemilumi-
nescence images. Although the two networks concern a common thermoacoustic system, both exhibit significant
differences: the turbulence network displays power law degree distribution, maintains small world property for all
HFFs and is scale-free only in the absence of hydrogen enrichment. The HRR correlation network does not feature
these properties, but hints at an asymmetric coupling between the heat release rate and the acoustic pressure for
all HFFs. Furthermore, the HRR network is responsive to changes in HFF and the corresponding shifts in the
dynamical state as well as in the root-mean-square of acoustic pressure. On the contrary, the turbulence network
displays no such sensitivity and its properties are almost constant in the upper HFF range. It exhibits stationary
hub structures for all the fuel blends tested, whereas the HRR correlation network is hub-free.
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1. Introduction

Thermoacoustic instabilities are an important de-
sign challenge for modern combustors used in land-
based power generators, aeronautical and rocket
propulsion systems as well as industrial boilers [1].
According to Rayleigh, thermoacoustic instability can
occur when the unstable heat release rate is mostly in-
phase with acoustic pressure [2]. If this condition is
satisfied, acoustic pressure oscillations may grow to a
high-amplitude limit cycle. Today, ecological consid-
erations advocate reduction of emissions and enforce
operation in lean conditions, which exacerbates ther-
moacoustic instability concerns.

In combustion science, hydrogen is viewed as a po-
tential answer to restrictive pollution regulations and
the need for carbon-neutral, on-demand power gen-
eration [3]. However, as the properties of hydrogen
differ from those of conventional hydrocarbon fuels,
its introduction is not straightforward [4]. There-
fore, fuel blends of hydrogen with hydrocarbons are
being considered as an intermediate solution. Such
fuel blends display various thermoacoustic instabili-
ties, depending on the operating conditions and blend
proportions [5]. Instability levels cannot be related
in a straightforward manner to hydrogen content. In-
deed, injection of small amounts of hydrogen as pilot
fuel was used as a means of passive control of insta-
bilities [6].

The design of instability suppression devices is of-
ten costly, requiring a trial and error approach due to
the complexity of the thermoacoustic system. Promis-
ing results were achieved recently by identifying and
targeting regions responsible for maintaining a ther-
moacoustic instability by means of complex networks
[7]. Complex networks theory is an emerging field
of science used to analyze the temporal and spa-
tiotemporal behavior of diverse systems [8]. The
topic has become increasingly popular, with a vari-
ety of approaches reported in non-reacting [9] and
reacting [10] fluid flows. Applications include ve-
locity correlation networks in hemodynamics [11],
which identify geometrical features of carotid bifur-
cation that deteriorate spatiotemporal similarity. In
another study, a robust reduced order model of high-
dimensional nonlinear vortical interactions was ob-
tained by performing a network community collapse
[12]. Complex networks were combined with ma-
chine learning for early detection of transition by am-
plifying subtle changes associated with an in-phase
state [13]. Additionally, complex networks were
used to investigate the distribution of acoustic power
within a combustor [14], revealing the regions most
crucial for thermoacoustic driving.

In the present study we concentrate on turbulence
networks and correlation networks in the PRECCIN-
STA combustor for various levels of hydrogen fuel en-
richment. Both network approaches were applied in
fluid mechanics and thermoacoustic fields previously.
Turbulence networks revealed information on patterns
within vortical structures [14, 15], while correlation

networks were constructed to assess the state and crit-
ical regions of the flow field. Two-point correlation
networks of velocity [16] and kinetic energy time his-
tories [17] were previously formulated. This time, in-
stead of investigating correlation between quantities
related to velocity, the reactive field was the focus,
resulting in a heat release rate correlation network,
which only recently has been introduced in [18]. To-
gether with the turbulence network, we had two dis-
tinct networks to analyze, constructed from the same
experimental data set. This was contrary to previous
investigations which focused only on one of those ex-
clusively. The objective of this study is to investigate
whether the vortical structures and heat release rate
field produce networks of similar properties or com-
plement each other with additional information about
the analyzed system.

2. Experimental setup

The dataset utilized in this study originated from
measurements conducted on the PRECCINSTA con-
figuration swirl burner, which is a widely studied
technically premixed gas turbine model combustor
[19, 20]. The combustor in Fig. 1 consists of a cylin-

Fig. 1: An adapted overview of the experimental setup [5].

drical plenum, a swirl generator, a combustion cham-
ber with a 85× 85 mm2 cross-section and a 114 mm
height as well as an exit nozzle with an exhaust duct.
Visual access was provided by quartz glass side walls
and acoustic pressure measurements were acquired
at a rate of 100 kHz, using a condenser microphone
positioned at a distance of 20 mm from the dump
plane. The velocity field (u, v, w) was recorded at 10
kHz through stereoscopic particle image velocimetry
(PIV), resulting in a 640 × 800 pixel resolution in
−42.5 mm < x < 42.5 mm and 0 mm < y < 50
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mm ranges. Line of sight integrated chemilumines-
cence from self-excited OH* radical was captured at
10 kHz over 0.82 seconds. The resultant 8192 images
had a resolution of 512 × 512 pixels and were used
for heat release rate field analysis.

The experiments were conducted for configura-
tions involving multiple thermal loads P and equiv-
alence ratios φ while varying hydrogen enrichment,
recently presented in [5]. The hydrogen fuel fraction
(HFF) of the hydrogen-methane mixture was defined
as,

HFF = V̇H2/(V̇H2 + V̇CH4) (1)

V̇ denotes standard volume flow rates of hydrogen
(H2) and methane (CH4). The HFF was swept from
0%-80%, in steps of 10%. The measurements were a
part of a larger research effort, focusing on the effect
of hydrogen use in gas turbine powerplants. There,
the combustor is a single sub-component, designed to
operate at a specific thermal load. Thus, through the
HFF sweep P and φ were held constant, while flow
rates were being adjusted. A more detailed descrip-
tion of the experimental setup is available in [5].

3. Network construction

A network consists of nodes connected by links,
forming an interconnected structure. Complex net-
works theory aims to detect fundamental behavior
patterns. Instead of considering each node separately,
the complex network framework focuses on the resul-
tant interaction between them. To assess this interac-
tion, a multitude of complex network measures such
as degree, degree distribution, betweenness centrality,
and clustering coefficient are commonly utilized [8].
In our case, the links connecting any two nodes are
assigned weights as opposed to mere binary connec-
tions, resulting in a weighted network. An adjacency
matrix Aij contains all the necessary data for a net-
work to be analyzed or visualized. Each element Aij
of the adjacency matrix denotes the weight of a con-
nection between nodes i and j. The exact definitions
behind the terms ’node’ and ’link’ as well as the rules
for determining a weight depend on the type of the
network constructed. In a continuous system nodes
are often created by a spatial discretization, e.g. using
grid points as nodes, as is the case here.

This study makes use of two well-established net-
works - a turbulence network [21] and a correlation
network [16], namely a heat release rate (HRR) corre-
lation network. In the following subsections, the spe-
cific construction procedure for each of the networks
is briefly described.

3.1. Turbulence network

The turbulence network aims to capture the rela-
tion between vortical structures in the flow domain
and identify the locations most influenced by them. It
was shown to be able to distinguish between differ-
ent dynamical states and highlight structures crucial

to maintaining thermoacoustic instability [7]. This
network quantifies how much velocity is induced at
each grid cell (node i) due to the vorticity present at
another grid cell (node j). All the possible pairings in
the considered spatial domain are eligible for the cal-
culation and the induced velocity is computed from
the PIV data, following the Biot-Savart law [21]:

ui→j =
|ω(xi, t)∆x∆y|

2π|xi − xj |
, (2)

where ui→j is the velocity induced at position xj due
to vorticity ω present at xi, given the grid resolution
∆x and ∆y in x and y direction respectively. The
value of Eq. (2) is finite only if i and j are different,
which is reflected in the next step. Following [21],
the adjacency matrix At of a turbulence network is
defined as

Atij (t) =

{
1
2
(ui→j + uj→i) , if i 6= j

0 , if i = j.
(3)

The resultant network is undirected and includes no
self-loops, as the adjacency matrix At is symmetric
and the diagonal entries are all zeros, respectively.
The adjacency matrix At was constructed using vor-
ticity evaluated from the PIV data after cropping off
the edges to remove the measurement artifacts at the
window boundaries. Note, that the turbulence net-
work is a time-varying network.

3.2. Heat release rate correlation network

An HRR correlation network captures the coher-
ence of the reactive field, using correlation measures
[18]. To construct it, line-of-sight integrated OH*
chemiluminescence was used as an HRR proxy. Next,
Pearson correlation was selected as it is the most
sensitive and yet the least computationally expensive
measure. A link between each pair of nodes (grid
point locations i and j) is established with a strength
corresponding to the Pearson correlation value Rij
between HRR histories q̇′(t)i and q̇′(t)j observed at
those locations. The Rij value is calculated over 50
∆t = 0.1 ms time steps: the current one and 49 past
ones. 50 time steps were an optimal time window
as it then commensurated with a few acoustic cycles,
preventing too noisy results or too aggressive time-
averaging [22]. In our case, depending on HFF we
cover up to three cycles of the dominant frequency
(Fig. 2), which we empirically verified as a suitable
choice. The adjacency matrix of an HRR correlation
network is defined as

AHRRij (t) =

{
Rij(t) , if i 6= j

0 , if i = j.
(4)

As Pearson correlation is a commutative operation,
it automatically results in HHR correlation network
being undirected and without self-loops, similarly to
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Fig. 2: The time histories of acoustic pressure readings and
the corresponding amplitude spectra for HFFs between 0%
to 80%.

the turbulence network. Although correlation is a
time-averaged measure, the resultant network is time-
varying as its structure is recalculated at every time
step, adjusting the 50 ms time window used for corre-
lation estimate.

4. Results

In this study, the spatiotemporal dynamics at dif-
ferent HFF levels was characterized using turbulence
and HRR correlation networks. As mentioned in Sec-
tion 2., measurements for multiple combustor operat-
ing condition with varying HFF were available. We
have decided to focus on a single HFF sweep for
thermal load of 15 kW and equivalence ratio of 0.8.
This configuration presented the most dynamically
varied behavior and non-monotonic relation between
the HFF and the root-mean-square (RMS) of acoustic
pressure p′rms. As such, it provided a suitably chal-
lenging test for the complex network framework.

4.1. Data overview

For the selected case (P = 15 kW, φ = 0.8) as
HFF is varied from 0% to 80%, the acquired combus-
tion data displayed multiple dynamical states. They
ranged from chaos, intermittency to period-1 (P1) and
period-2 (P2) oscillations [5]. In the absence of hy-
drogen or for a low HFF, the selected case exhibited
a low amplitude P2 instability with two distinct fre-
quencies registered. Shifting towards greater hydro-

Fig. 3: A log-log plot of the degree probability distribution
of a turbulence network with a linear fit of slope −γ. The
distribution follows a power law P (S)∼S−γ , characteristic
for the complex network framework [8].

gen content, stable combustion characterized by ape-
riodic chaotic oscillations was obtained. Increasing
the HFF further, the system switched to a high ampli-
tude P1 instability with a single dominant frequency.
Finally, for the most hydrogen-rich fuel blends the
combustion returned to a chaotic state, yet with sig-
nificantly greater p′rms readings compared to the sta-
ble operation previously encountered.

4.2. Turbulence networks

A turbulence network – constructed as described
in Section 3.1. – establishes to which extent a given
location is affected by vortices spread over the entire
spatial domain. For the constructed turbulence net-
work, the degree distribution and its power law expo-
nent as well as the hub structures were the most inter-
esting features and are described in the following.

4.2.1. Degree distribution

The degree distribution is a probability distribu-
tion of the sum of links, here weighted, that a node is
connected to. Complex network theory suggests that
the degree distribution of many real-world phenom-
ena does not follow a normal, but instead a power law
distribution, with its exponent having a significant im-
portance in the network structure.

We analyzed the probability distribution of node
strength S of the turbulence network across the 0%
to 80% HFF range and the corresponding dynamical
states. The networks adhered to the power law for all
values of HFF and time steps analyzed. Figure 3 ex-
hibits but one example with an exponent γ equal to
2.81. One might wonder why a linear fit is imple-
mented, although the tails of the distribution are not
well modeled by it. Indeed, those deviations are ex-
pected in the complex network framework. The RHS
tail is affected by a linear binning phenomenon as a
discrete integer count unit is used. Additionally, the
number of possible connections is restricted by the
PIV resolution. Therefore, the strongest nodes have
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Fig. 4: The variation of the exponent γ of the the power law
fit of the degree distribution, along with the corresponding
p′rms for HFFs from 0% to 80%.

limited linking opportunities, scarcer than theoreti-
cally predicted by the power law. Hence, the RHS
tail of the distribution is overestimated by the linear
fit, referred to as a ’high degree cut-off’. On the other
hand, the LHS tail of the distribution is tapered due to
a ’low degree saturation’. This behavior is modeled
via an attractiveness node measure, which modifies
the power law in the lower limit [8]. In our case, one
of the reasons for the nonzero attractiveness could be
associated with each node always having some veloc-
ity induced due to even weak vorticity levels in the
immediate vicinity, due to Eq. (2) always resulting in
a positive value.

Complex network theory predicts that networks ex-
hibiting a power law distribution should develop so
called ’hubs’. Hubs – i.e. nodes with the greatest
number of connections, which cannot be accounted
for by random graph theory – are a crucial element to
the integrity and connectivity of the network. The be-
havior of networks with hubs is robust against pertur-
bations applied to randomly chosen nodes, but highly
susceptible when hubs are targeted [8].

Similar power law behavior was observed by Mu-
rayama et al. [15] and Krishnan et al. [7]. However,
both these studies did not test the effect of hydro-
gen enrichment. Moreover, the latter was performed
on a bluff-body stabilized burner, rather than a swirl
one. Despite those differences, all the constructed
networks retained and exhibited power law, suggest-
ing it could be a universal feature of vortical structures
in turbulent combustors. Analogously, the power law
distribution is widely accepted in turbulence as the
Kolmogorov’s 5/3 energy spectrum and the resultant
network properties could be its consequence.

4.2.2. Power law exponent of the degree distribution

As previously mentioned, the power law exponent
γ conveys important knowledge about the network,
e.g. concerning information propagation and hub
sizes. The changes of the value of the exponent γ with
increasing HFF did not seem to exhibit any particular
sensitivity to changes in dynamical state and p′rms. It
increased from approximately 2.95 to 3.45 with HFF
reaching up to 40%, after which it relatively saturated.

The exponent never increased above the value of 4.
Power law networks with γ<4, can be safely con-
sidered ’small world’ networks [8]. The small world
property refers to a network having shortcut connec-
tions between distant nodes. As a result, the aver-
age path lengths, i.e. the number of steps along the
links to move from one node to another, is greatly re-
duced. The interpretation of the small world prop-
erty is that information propagates quickly through
the network and the lag associated with its propaga-
tion scales weakly with the network size. Following
that, local perturbations are expected to have a rapid
and increased impact on the global behavior.

In networks with γ values below 3, we encounter a
stronger version of that property - ’ultra small world’
[8]. The average path length is then even less affected
by the size of the network. Additionally, those net-
works display a ’scale-free’ feature, i.e., with increas-
ing number of nodes the standard deviation of the de-
gree distribution diverges. It in fact renders the con-
cept of the mean degree meaningless. In other words,
the mean degree cannot be used to estimate the degree
of the smallest nodes and the most connected hubs.
The connectivity of such networks becomes increas-
ingly reliant on the hubs as they become more dom-
inant. It was found that only in the absence of hy-
drogen enrichment was the turbulence network scale-
free. Possibly, the introduction of hydrogen brings
out a heterogeneity in the combustion dynamics since
hydrogen is combusted rapidly within smaller length
scales. This could be the reason behind the absence
of ultra small world property for hydrogen blends.

Contrary to the previous study [7], the exponent
γ could not be directly related to dynamical states.
No unambiguous trends were observed when the state
switched between instability and chaotic oscillations,
as well as when the p′rms value altered, see Fig. 4.
The results here and in the subsequent subsection sug-
gest that the exact magnitude of γ is rather linked
to the hub evolution. The value of γ and hub struc-
tures ceased to change past the 40% hydrogen con-
tent and remained approximately constant. Simi-
larly, past 40% HFF a diminished variability of HRR
within the inner recirculation zone in comparison to
the shear layer was observed. Given a varied selection
of dynamical states tested, the turbulence network did
not experience major changes, even when p′rms was
shifted significantly by a single HFF step.

4.2.3. Hub structures

The power law distribution indicates that the tur-
bulence network exhibits hubs. The hubs are the
most connected nodes, responsible for the integrity
of the network and fast information propagation. In
this study hubs were classified as the top 0.5% of
the strongest nodes, i.e. nodes for which S is ex-
tremely high. Figure 5 depicts the change in time-
averaged position of the hubs with increasing HFF.
Due to Eq. 2, the strongest nodes in the turbulent net-
work lie in the regions of intense vorticity. Hence,
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Fig. 5: The expected hub locations of the turbulence network
in the RHS half-plane of the combustor, for selected HFFs.

the inner and outer shear layers are highlighted, indi-
cating at least a temporary presence of hubs. At low
HFF there exists a pair, consisting of a primary and
a secondary hub structure, at each side of the shear
layer. Their locations match the regions of vortex
shedding, especially off the inner side. However, for
greater HFF values the hub structure begins to span
across the whole shear layer rather than highlighting
only its edges. With increasing hydrogen content,
the pair coalesces at 40% HFF and ceases to alter
throughout. Additionally, the effect of hub convec-
tion is diminished as indicated by the vanishing elon-
gated signature for higher hydrogen contents. This
behavior corresponds to the saturation of the power
law exponent γ occurring analogously at 40% HFF.
Most notably, the expected position of the hub does
not change significantly with fuel compositions. The
PIV data shows that the swirl branches switch to a
wider shape beyond 40% HFF. The vortices on both
sides of the shear layer are hence pushed apart. The
increased distance between them weakens their in-
teraction and reduces the sensitivity of the network
to positional changes of the said vortices, potentially
accounting for the γ value saturation and no further
shifts in the hub structure.

In fact, the connectivity of the networks with a
power law degree distribution relies heavily on the
hub structures [8]. Suppressing the hubs of a turbu-
lence network was previously shown to inhibit ther-
moacoustic instability [7]. Estimation of the hub lo-
cation facilitates the design of such an effective tar-
geted suppression. However, its implementation is
most convenient when the hub location is always the
same. As shown in Fig. 5, not only did the addition of
hydrogen preserve the hub structures of the network,
but the hub location was mostly stationary in time and
its expected position did not change with increasing
HFF. Subsequently, hub-disrupting suppression sys-
tems should be in principle applicable throughout the
whole range of hydrogen enrichment, with no need
for any major adjustments, reducing the development
resources required.

4.3. Heat release rate correlation network

The HRR correlation network is a weighted net-
work, with the weights determining the strength of
the interactions between two locations in the spatial
domain, as determined by Eq. 4. As the network aims
to capture the level of coherence of HRR oscillations,
sensitivity to dynamical state and temporal p′rms val-
ues were investigated.

4.3.1. Dynamical sensitivity

Fig. 6: The variation of the mean degree 〈k̄〉 with HFF.

When thermoacoustic instabilities were present,
some extent of HRR field synchronization was ex-
pected. This was visualized by the time-averaged
mean degree 〈k̄〉, which quantifies the average
weighted number of links a node in the network is
connected to and here, the term ’mean’ is used in a
spatial sense. Examining Fig. 6, it was observed that
the occurrence of a thermoacoustic instability is ac-
companied by the increased HRR field synchroniza-
tion as indicated by the mean degree 〈k̄〉 and as ex-
pected by the paradigm. Indeed, 〈k̄〉 attained high val-
ues for both P2 and P1 oscillations cases, e.g. at HFFs
of 0% and 50% respectively. In contrast, the 〈k̄〉 val-
ues were lower for operating conditions displaying
chaotic behavior - HFF of 20% to 40% and 70% to
80%. The mean degree measure 〈k̄〉 was sensitive
to shifts in dynamical state, but matched the changes
in p′rms only qualitatively. For both cases exhibiting
thermoacoustic instability (0% and 50% HFF) values
of 〈k̄〉 were comparable, despite a substantial differ-
ence in the value of acoustic pressure. High synchro-
nization of the HRR field seemed to be a necessary
condition for a thermoacoustic instability. Yet, it was
insufficient to explain the expected p′rms, with e.g.
damping being an amplitude suppressing factor, not
considered by the network.

4.3.2. Temporal sensitivity to RMS of acoustic
pressure

In Section 4.3.1., only the time-averaged results for
each HFF were presented. Here, we focus on the tem-
poral changes in the network, providing insight into
the evolution of the HRR field.

Figure 7 presents the temporal evolution of the net-
work. With correlation being an inherently a time-
averaged measure, the p′rms value was chosen for
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Table 1: Cross-correlation results between the mean degree
〈k〉 and RMS of acoustic pressure p′rms for different HFFs.

Hydrogen
Content

Cross-correlation
Value R

Optimum Lag
[1 ms]

0% 0.81 2
10% 0.63 1
20% 0.85 1
30% 0.71 1
40% 0.60 1
50% 0.76 1
60% 0.70 1
70% 0.60 1
80% 0.62 1

comparison. The p′rms estimation was done over fifty
current and previous time steps (∆t = 0.1 ms) to en-
sure the same number of regressors as for the HRR
correlation calculations. Both measurements had a
noticeable dependence, namely they were positively
correlated. In contrast with the time-averaged mea-
sures, the instantaneous networks seemed to behave
more consistently in terms of reflecting the p′rms val-
ues. The mean degree measure 〈k〉 of the HRR net-
work varied significantly, including differences reach-
ing close to an order of magnitude.

The time-histories continued to be positively cor-
related throughout the whole HFF range tested, with
measured values always greater than 0.6 as noted in
Table 1. Cross-correlation was utilized, not only to
quantify the dependence but also to assess the order
in which the signals were changing. For all test cases,
the optimum time lag resulting in the greatest correla-
tion value was always positive. This meant the mean
degree 〈k〉 of the network and inherently the HRR
field were shifting earlier, at least on average, than the
p′rms trace. This is in agreement with a recent finding,
that the synchronization between acoustic pressure p′

and heat release rate q̇′, despite being bidirectional,
is asymmetric with the latter influencing the former
more strongly than vice versa [23, 24].

Fig. 7: The temporal progression of p′rms and the mean de-
gree 〈k〉 of an HRR network over approximately 20 pressure
cycles for 80% HFF.

4.3.3. OH*-chemiluminescence as an HRR proxy

Due to the experimental nature of the data, changes
in local equivalence ratio could not be excluded.
Thus, we could expect certain uncertainties by rep-
resenting HRR with OH*-chemiluminescence. De-
spite this, we believed the latter is a suitable proxy
in the PRECCINSTA burner for this study. The
HRR network framework aimed to investigate global
patterns and relative changes within the whole do-
main over a few cycles. The HRR network calcula-
tion relied on a correlation measure, which is inher-
ently a time-averaged quantity, reducing the influence
of instantaneous uncertainties. Meier et al. [19] has
shown that when phase-averaged with respect to the
thermoacoustic pulsation, OH* chemiluminescence
closely tracks the pressure fluctuation. Although the
amplitude of HRR fluctuations is not quantitatively
represented by OH* fluctuations, OH* does reliably
capture the spatiotemporal characteristics of the sub-
system [25]. It can therefore be used to construct a
consistent network.

4.4. Differences between turbulence and HRR
networks

Although the vortical structures and the HRR field
are interconnected and mutually interacting, the cor-
responding networks had vastly different properties.
Both networks considered the same thermoacoustic
system, yet the features of one were not mirrored in
the other. Whereas the turbulence network consis-
tently exhibited power law in the degree distribution,
the HRR correlation network did not appear to follow
any of the candidate probability distributions. In the
absence of power law, the HRR correlation network
did not exhibit hub structures. As an additional find-
ing, the power law was fulfilled for the HRR correla-
tion network only when considering the link strength
probability distribution. The presence of power law
among the connections rather than nodes is unlikely
to be coincidental.

Moreover, while the HRR correlation network was
evolving rapidly with time and between different dy-
namical states, the turbulence network was much
more permanent. For certain parameters, significant
changes in the HRR network were not reflected in
the turbulence network. The former responded to
changes of the fuel composition throughout, whereas
the latter did only so in the lower HFF range. Over-
all, one could expect that increasing HFF at a con-
stant thermal load and equivalence ratio would sig-
nificantly affect the flowfield, mixing and hydrody-
namics of the system. However, for HFF values
above 40%, no major changes were observed in the
turbulence network and its hubs structure, after the
flowfield switched to wider swirl branches. Below
the threshold no significant flowfield alterations could
be consistently linked to one of the turbulence net-
work properties. With the hubs structures not chang-
ing, neither did the overall behavior of the network,
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Table 2: Summary of encountered network properties and linked to their corresponding network theory and proposed physical
interpretation or consequences.

Network Observation Network Theory Physical Interpretation

Turbulence
Power law
distribution

Great disproportion between
nodes in strength and number

Vortical effects mostly minor;
a few extreme exceptions

Hub presence
Network prone to
targeted node removal

Presence of a region
critical for instability driving

Exponent γ < 4 Small world property
Flowfield reacts globally to
local velocity perturbations

Exponent γ > 3
∀ HFF > 0%

Network is not scale-free
Fuel blend inhomogeneity
introduces different scales

HRR
Mean degree 〈k̄〉
varies with HFF

Network connectivity
sensitive to HFF

Synchronization of the HRR
field changes with HFF

Mean degree 〈k〉(t) Network connectivity Synchronization of the HRR
varies with time time-dependent field changes with p′rms

which we believe to be a important finding in itself.
In the high HFF range, the reactive field was more
sensitive to fuel composition changes than the vorti-
cal structures as reflected by the HRR and turbulence
networks, respectively.

Considering temporal variations, only the HRR
correlation network measures exhibited substantial
fluctuations. Those were in fact well related to p′rms.
On the other hand, the turbulence network did not dis-
play significant temporal patterns. The HRR corre-
lation network contained therefore more information
on pressure oscillations and would be better suited to
prediction of the amplitude of the limit cycle.

Overall, the introduction of hydrogen fuel did not
challenge previous results of the complex network
theory in thermoacoustics. The turbulent networks
still exhibited power law and small world property as
well as hub structures [7, 15]. The thermoacoustic in-
stability was associated with more coherent networks
[14], here an HRR one.

4.5. Physical interpretation of the network properties

Interpretation of the results of complex network
analysis is often not immediately clear. Drawing
physical insight into combustion and fluid dynam-
ics from the network properties is a well-established
challenge and an ongoing field of research [9]. In Ta-
ble 2 we present interpretations which are well estab-
lished in complex network theory as well as our own
proposed physical interpretations of the results.

5. Summary and Conclusions

We constructed turbulence and heat release rate
networks to understand the effects of vortical struc-
tures and coherent heat release rate oscillations, re-
spectively, in the hydrogen-enriched PRECCINSTA
burner. Such a two-pronged network analysis is per-
formed for the first time in the combustion literature.

Turbulence networks exhibited power law degree dis-
tribution throughout the whole range of dynamical
states and hydrogen enrichment as well as consis-
tently retained the ’small world’ property, signifying
quick information propagation and global influence
of local perturbations. Moreover, it was confirmed
that vortical structures resulted in a turbulence net-
work featuring hubs, that were present and remained
stationary throughout all HFFs tested. Any previ-
ously developed turbulence hub suppression tech-
niques would remain valid for those mixtures and
would not require target location adjustments.

Increasingly coherent oscillations of the heat re-
lease rate field identified by denser HRR networks
coincided with shifts towards dynamical instability.
Pearson correlation provided connections more robust
and sensitive to changes in dynamical state than other
dependence measures, while being simpler and more
efficient. Yet, the time-averaged quantities suggested
that correlation levels on their own were insufficient
to quantify the resultant overall p′rms. However, the
evolution of the HRR correlation network reflected
well the changes in p′rms. The cross-correlation be-
tween the signals preserved high positive values. Ad-
ditionally, the associated time-delay indicated that the
mean degree 〈k〉 of the heat release network usually
preceded the changes in p′rms.

The results from this study show that turbulence
and HRR networks, despite being constructed for the
same thermoacoustic system, can have vastly differ-
ent properties.
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